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Inverse Problems – from Theory to Applications (IPTA2014)

Introduction

IPTA 2014 was held in Bristol at the science museum, At-Bristol on 26–28th August 2014. The conference
represents a new forum to disseminate interdisciplinary inverse problems research and to facilitate increased
engagement and collaboration within the international community.

The conference was organised and hosted by Inverse Problems, Institute of Physics Publishing –
iopscience.org/ip.

The scientific committee organised a diverse scientific programme combining mathematical and experimental
work with theoretical, numerical and practical approaches to solving inverse problems.

The proceedings collection includes proceedings papers from the conference plenary lectures and from mini
symposia presentations. We hope that you enjoy reading the proceedings.
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Seismic inverse poblems: recent
developments in theory and practice

W Symes

Rice University, USA

E-mail: symes@caam.rice.edu

Abstract: The widely used least-squares approach to seismic inversion may fail due to insufficient data
spectrum. The model extension modification to least-squares inversion can eliminate this full bandwidth
requirement. For linearized extended modeling about smooth background parameters, a geometric-optics
based analysis explains the increased robustness of extended inversion, and relates its characteristics ex-
plicitly to those of travel-time inversion.

1 Introduction

Inference of earth structure from seismic data may be formulated as an inverse problem, via a choice of earth
model domain M , data range D, and forward or modeling map F : M → D. M and D may be (subsets
of) Hilbert spaces. and the inverse problem set as a nonlinear least squares problem: given d, choose m to
minimize

JOLS[m; d] =
1

2
∥F [m]− d∥2. (1)

Specific choices of M , D, and F appropriate for seismology are suggested below. For now, note that seismic
measurements are time series, so that D consists of functions of time, amongst other experimental variables,
with definite and limited bandwidth.

This formulation, along with many variations and refinements, has been studied since the late ’70s. In
the last ten years, 3D computational realizations have become feasible, and successful least squares inver-
sions have revealed subsurface maps of unprecedented clarity - see for example [Virieux and Operto, 2009,
Plessix et al., 2010, Vigh et al., 2010]. However, the oscillatory nature of seismic data combines with the non-
linearity of F [m] to create numerous stationary points of JOLS, most of which are uninformative about earth
structure . Because of problem size, only rapidly convergent iterations related to Newton’s method are com-
putationally feasible. These are local optimization methods, finding stationary points, whereas only the global
minimizer or a close approximation contains useful information. Low frequency data helps by providing a larger
region of attraction for the global minimizer, but it is not always possible to acquire data with sufficiently high
signal/noise ratio at sufficiently low frequencies to take advantage of this observation [Plessix et al., 2010, ].

This paper focuses on two ideas for modification of JOLS to produce optimization tasks more amenable
to calculus-based methods: (i) relaxation via extension, that is, enlargement of the domain of F , and (ii)
linearization and scale separation, which permit analysis of the extended inverse problem via high frequency
asymptotics. Both ideas originate in industrial seismic data processing; the specific replacement for (1) pre-
sented here is a variant of Wave Equation Migration Velocity Analysis, or WEMVA. Our principal result is
this: the objective Hessian at a consistent model-data pair constrains perturbations in travel time slopes. That
is, this variant of WEMVA is related to stereotomography [Billette and Lambaré, 1998], at least in quadratic
approximation. Similar assertions seem to be widely believed of WEMVA in general, but so far as I know this
paper sketches the first explicit demonstration.

The extension described below is only one of many possible. See [Symes, 2009], [Symes, 2008] for other
possibilities and extensive overview.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

2

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

The abbreviated discussion to follow glosses over many details of analysis and physics, not all of which are
trivial or acknowledged explicitly.

2 Extension and Linearization

The simplest useful physical description of seismic wave propagation is provided by constant density acoustics,
in which earth structure is characterized by a sound velocity v(x), a positive function of position x ∈ R3,
or equivalently by m = v−2. The extension discussed here replaces m with a bounded coercive self-adjoint
operator m̄ on L2(R3). In this extended acoustics, the pressure field p resulting from a point isotropic radiator
with time dependence w(t) located at position xs is the solution of the initial value problem(

m̄
∂2p

∂t2
−∇2p

)
(x, t;xs) = w(t)δ(x− xs),

p(x, t;xs) = 0, t << 0. (2)

The physical significance of this extension is the relaxation of the “no action at a distance” axiom of continuum
mechanics. Abusing notation by writing m̄ also for the distribution kernel of m̄, if (x,y) ∈ supp m̄, then a
change in volume at x may result in a change in pressure at y. [Stolk, 2000] and [Blazek et al., 2013] show
that problems like (2) have sensible solutions, depending smoothly on the coefficient m̄ in an appropriate
sense. Define the extension operator E by Em(x,y) = m(x)δ(x,y): that is, E maps a function of x into the
corresponding multiplication operator. Then with m = v−2 ∈ L∞(R3) and m̄ = Em (the “physical” case), (2)
becomes the ordinary acoustic wave equation.

A simplified model of seismic data is the trace of p on a horizontal surface {x : x1 = zr} (that is, x1 is the
depth coordinate, traditionally denoted z - thus zr for the constant depth of recording). I will ignore all issues
arising from finite sampling, and regard the receivers as occupying a continuum of dimension n− 1. Likewise,
regard the positions of the sources as occupying a continuum, for convenience a subset of another horizontal
surface {x : x1 = zs}. Denote the horizontal coordinates by (x2, ..., xn) = x′, and the source and receiver
coordinate vectors by xr = (zr,x

′
r),xs = (zs,x

′
s).

With these conventions, the data recorded in a seismic survey define a function of m̄, the the forward map
or modeling operator F :

(F [m̄])(x′
r, t;x

′
s) = χr,s(x

′
r,x

′
s)χt(t)p((zr,x

′
r), t; (zs,x

′
s)) (3)

in which χr,s ∈ C∞
0 (R2(n−1)) and χt ∈ C∞

0 (R) account for the finite extent of source and receiver positions
and duration of recording. Write Fδ[m̄] for the special case defined by w = δ in (2). Then Fδ[m̄] is the
distribution kernel of an operator closely related to the Dirchlet-to-Neumann map which plays a role in many
inverse problems.

Introduce the linearization about a physical coefficient m:

Fδ[m] = DFδ[E[m]], F [m] = w ∗ Fδ[m] (4)

and the “horizontal offset” constraint: apply F only to operator perturbations of m satisfying m̄(x,y) =
m̄′(x1,x

′,y′)δ(x1 − y1). That is, a volume perturbation can only result in a pressure perturbation at the same
depth. [This constraint can be weakened]. We assume from now on that m is smooth, so that solutions of (2)
can be approximated by geometric optics. Then under certain conditions on the geometry of bicharacteristics,

1. Fδ[m] is a bounded operator on L2(R5);

2. Fδ[m]∗Fδ[m] is a member of the class OPS0 of pseudodifferential operators of order 0, elliptic in the conic
set of “illuminated reflectors”. In fact, for any pseudodifferential operator P of order 0, Fδ[m]∗PFδ[m]
is pseudodifferential. Similarly, for any pseudodifferential P of order 0, Fδ[m]PFδ[m]∗ is also a pseudod-
ifferential operator of order 0. The symbols of both operators, hence the operators themselves, depend
smoothly on m.

3. For each smooth m, δm, there exists a pseudodifferential operator Q[m, δm] of order 1, for which

DFδ[m, δm] = D2Fδ[E[m]](E[δm], ·) = Fδ[m]Q[m, δm].
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Q is essentially skew-symmetric:

Q[m, δm] +Q[m, δm]∗ = R[m, δm] ∈ OPS0(R5).

Q is smooth in m, linear in δm.

The necessary geometric conditions, and the meaning of “illuminated reflector”, are explained for example by
[Stolk et al., 2009] and [ten Kroode, 2012]. The first result in item 2 is well-known, the second is peculiar to
extended modeling. The factorization of DF does not seem to have been described in the prior literature.

3 A Well-Posed Inverse Problem

The linearized version of the inverse problem introduced earlier is: given δd = d − F [m], find m, δm to
minimize ∥F [m]E[δm]−δd∥. Introduce a linear map A on the space of distribution kernels whose kernel equals
the range of E. For example, under the “horizontal offset” condition, a natural choice would be Am̄ = [x′, m̄′].
In terms of distribution kernels, Aδm̄ = (x′ − y′)m̄′(x1,x

′,y′). This choice of A acts on the kernel of m̄ as
a pseudodifferential operator of order 0. For consistent data, δd = F [m]δm̄, Aδm̄ = 0, the solution m, δm̄
minimizes

JDS[m, δm̄] =
1

2

(
∥F [m]δm̄− δd∥2 + α2∥Aδm̄∥2

)
.

for any positive α.
JDS is just as likely to exhibit severe nonconvexity as is JOLS - indeed the former includes the latter as a

section. [Kern and Symes, 1994] observed that for this type of problem, the reduced objective

J̃DS[m] = minδm̄JDS[m, δm̄]

is smooth, independently of the spectrum of w - in fact even for limit case w = δ. This conclusion follows
immediately from the facts cited above. The normal operator

N [m] = Fδ[m]∗Fδ[m] + α2A∗A ∈ OPS0

is microlocally elliptic, and can be made elliptic and indeed invertible with suitable regularization of Fδ -
assume that this has been done. Then

J̃DS[m] = JDS[m, δm̄[m]], δm̄[m] = N [m]−1Fδ[m]∗δd.

Thus J̃DS[m] can be rewritten as a sum of terms of the form ⟨d, Fδ[m](...)Fδ[m]∗d⟩: the elided factors are
products of pseudodifferential operators depending smoothly on m, whence the second fact cited in item 2
implies the claimed smoothness.
Remark: The analogue of Fδ[m](...)Fδ[m]∗ for ordinary, rather than extended, modeling is not pseudodif-
ferential, which implies that the linearized problem stated at the beginning of this section has non-smooth
objective for w = δ, leading to the observed proliferation of stationary points for band-limited w.

As J̃DS is smooth, it is well-approximated near a global minimizer m∗ by its Hessian quadratic form. This
form is easiest to analyze in case the data is consistent with m∗, that is, F [m∗]δm̄[m∗] = δd,Aδm̄[m∗] = 0. A
page or so of algebra, in which one systematically makes use of consistency to drop various terms, results in

D2J̃DS[m∗](δm1, δm2) = ⟨[A,Q[m∗, δm1]]δm̄[m∗], [A,Q[m∗, δm2]]δm̄[m∗]⟩.

To understand the significance of this expression, it is necessary to compute the principal symbol q1 of Q, a
smooth function on the punctured cotangent bundle T ∗(R5) \ {0}, homogeneous in the fiber variables ζ, ξ′, η′.
In the simplest case, in which each source or receiver point is connected by a unique ray to any point in the
domain of δm̄, a computation of the type pioneered by [Beylkin, 1985], [Rakesh, 1988] yields

q1[m, δm](x1,x
′,y′, ζ, ξ′, η′) = iζ(DT [m, δm](x,x′

r(x1,x
′,y′, ζ, ξ′, η′))

+DT [m, δm](y,x′
s(x1,x

′,y′, ζ, ξ′, η′))). (5)
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In (5), DT is the perturbation of geometrical-optics traveltime along the ray (assumed unique) between x and
(zr,x

′
r) or (zs,x

′
s), with x′

r and x′
s defined as follows (see [ten Kroode, 2012] for more on this construction).

Denote by X′
r(x, ξ̂) the horizontal coordinates of the intersection, if any, with x1 = zr of the ray of geometric

optics with initial data (x, ξ̂). Define X′
s(x, ξ̂) similarly. The notation reminds the reader that the ray, hence

the location and time of surface arrival, depends only on the unit vector ξ̂ of ξ. For an open conic set of
(x1,x

′,y′, ζ, ξ′, η′), there exist unique data (x, ξ(x1,x
′,y′, ζ, ξ′, η′)) and (y, η(x1,x

′,y′, ζ, ξ′, η′)) so that

1. ζ = ξ1 + η1

2. m(x)|ξ|2 = m(y)|η|2

3. ξ1, η1 > 0

4. ξi = ξ′i, ηi = η′i for i > 1

Then

x′
r(x1,x

′,y′, ζ, ξ′, η′) = Xr(x, ξ̂(x1,x
′,y′, ζ, ξ′, η′))

x′
s(x1,x

′,y′, ζ, ξ′, η′) = Xs(y, η̂(x1,x
′,y′, ζ, ξ′, η′)) (6)

The symbol of the “annihilator” A is simply a0(x1,x
′,y′, ζ, ξ′, η′) = x′ − y′. According to the calculus of

pseudodifferential operators (for instance [Taylor, 1981]), the principal symbol of [A,Q] is

−i{a0, q1} = −i(∇ξ′ −∇η′)q1

= ∇x′
r
DTr · ∇ξ̂Xr · ζ(∇ξ′ −∇η′)ξ̂

+∇x′
s
DTs · ∇η̂Xs · ζ(∇ξ′ −∇η′)η̂ (7)

in which the subscripts on DT signify the collections of arguments at which it is to be evaluated, per (5).
It follows from the calculus, in particular from G̊arding’s inequality, that for sufficiently oscillatory δm̄ -

that is, for a sufficiently dramatic separation of scales - the Hessian form is positive definite on subspaces of
δm for which {a0, q1} is nonvanishing in the support of δm̄. The expression (7) suggests the meaning of this
condition. The first factor in each of the two summands can be interpreted as the slope of arrival time curves
- all of them, not just a few that are picked for analysis. The second factor in each case is proportional to
a geometric amplitude (see for example [Zhang et al., 2003]). This factor must be present: if the amplitudes
are zero, then the presence or absence of reflectors (that is, support of δm̄) cannot furnish the data with
information about kinematics. The third factor is a real symbol of order zero, as the derivatives of the unit
vector are homogeneous of order −1.

4 Conclusion

Apparently, under certain circumstances, the WEMVA objective function described in this paper is sensitive to
the same aspects of the modelm as is slope tomography [Billette and Lambaré, 1998, Chauris and Noble, 2001],
but without requiring the picking of travel times. Picking is implicitly accomplished by data weighting, via the
presence of the perturbational model δm̄ and geometric amplitude in the Hessian kernel. The explicit symbol
computation (5), (7) suggest that a detailed analysis of the Hessian singular spectrum may be feasible.

The computations presented here relied on strict ray geometric assumptions, which may to some extent be
relaxed - see [ten Kroode, 2012] for a closely related discussion.
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An active set algorithm for ℓ0

optimization with decaying solutions

Yuling Jiao1, Bangti Jin2 and Xiliang Lu1

1School of Mathematics and Statistics, Wuhan University, Wuhan, P.R. China
2Department of Mathematics, University of California, Riverside, 900 University Ave., Riverside CA 92521, USA

E-mail: bangti.jin@gmail.com

Abstract: One of the main tasks in compressed sensing is to develop and analyze efficient algorithms for
recovering sparse solutions of underdetermined linear systems. In [1], we proposed a primal dual active
set with continuation algorithm (PDASC) for ℓ0-regularized minimization problems. The convergence of
the algorithm was shown under the restricted isometry property δT+1 ≤ 1

2
√

T+1
[1], which depends on the

sparsity level T . In this work, for a class of signals with a strong decay property, we relax the condition on
the restricted isometry constant to be independent of the sparsity level T . Further, three choice rules are
proposed to choose a proper regularization parameter. Several numerical examples are presented to verify
its efficiency and accuracy.

Keywords: primal dual active set method; global convergence; ℓ0 optimization

1 Introduction

We consider the following ℓ0-regularized minimization problem arising in compressive sensing

min
x∈Rp

Jλ(x) =
1
2∥Ψx− y∥+ λ∥x∥0, (1)

where the sensing matrix Ψ ∈ Rn×p (p ≫ n ) has normalized column vectors, i.e., ∥ψi∥ = 1, ∥x∥0 denotes
the the number of nonzero components in the vector x ∈ Rp, and the data y ∈ Rn may be noisy. Since many
natural signals have an approximately sparse representation, compressive sensing has been widely applied in
signal processing, imaging and machine learning [2, 3, 4]. One of the main tasks in compressive sensing is to
design efficient algorithms for recovering sparse solutions of an underdetermined linear system Ψx = y. One
popular approach is convex relaxation, i.e., basis pursuit denoising [5] or Lasso [6]. Its popularity can largely
be attributed to the fact that it admits efficient numerical solution. Recently, nonconvex models were shown
to be theoretically advantageous over convex ones [7]. However, this calls for efficient algorithms for solving
problem (1) and effective choice rules for choosing the parameter λ.

Since the objective function Jλ(x) in (1) is nonconvex and discontinuous, it is highly nontrivial to find
its global minimizer(s), which represents one of the main obstacles in the wide-spread applications of the
model (1). Most existing algorithms for problem (1), including iterative hard thresholding [8] and penalty
decomposition [9] etc., can at most converge to a local minimizer or a stationary point. Recently, based on a
novel necessary optimality condition for the global minimizer (also a sufficient condition for the coordinatewise
minimizer), a PDAS algorithm was developed to solve (1) in [10, 11]. It enjoys a local superlinear convergence,
but requires a good initial guess; and its convergence analysis is challenging. Very recently, the convergence of
the PDASC algorithm, when coupled with a continuation strategy, was shown under the restricted isometry
property with δT+1 ≤ 1/(2

√
T + 1) on the sensing matrix Ψ [1]. In this work, we focus on the analysis of

the PDASC algorithm. By assuming a decay property on the true signal, the condition in [1] is weakened
in that the restricted isometry property (RIP) constant δT+1 is independent of the sparsity level T . Further,
three a posterior rules are proposed to choose a proper regularization parameter. These represent our essential
contributions, and will be described in Section 2 and numerically verified in Section 3.
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2 PDASC algorithm

First we describe the problem setting. Let the true signal x∗ have T nonzero components, and y =
∑

i∈A∗ x∗iψi+
η, where A∗ is the exact active set (indices of nonzero components) with size T = |A∗|. Further, we may assume
A∗ = {1, 2, ..., T} and |x∗1| ≥ |x∗2| ≥ · · · ≥ |x∗T | > 0. The noise vector η satisfies ∥η∥ ≤ ϵ where ϵ is the noise
level. We denote S = {1, 2, ..., p} and I∗ = S\A∗. For any index set A ⊂ S, we denote by xA ∈ R|A| (or
ΨA ∈ Rn×|A|) the subvector of x (or the submatrix of Ψ) whose (column) indices appear in A. The RIP
constant δs ∈ (0, 1) is the smallest positive constant satisfying (1− δs)∥x∥2 ≤ ∥Ψx∥2 ≤ (1 + δs)∥x∥2, for any x
with ∥x∥0 ≤ s.

The PDASC algorithm in [1] combines the strengths of the PDAS algorithm [10] and the continuation
strategy, which respectively enjoys fast local convergence and controlling the size of the active set during the
iteration. The complete procedure is described in Algorithm 1.

Algorithm 1 PDASC algorithm

1: Set λ0 = 1
2∥Ψ

ty∥2ℓ∞ , A(λ0) = ∅, x(λ0) = 0 and d(λ0) = Ψty, β ∈ (0, 1).
2: for k = 1, 2, ... do
3: Let λk = βλk−1, A0 = A(λk−1), (x

0, d0) = (x(λk−1), d(λk−1)).
4: for j = 1, 2, ... do
5: Define the sets Aj and Ij by Aj = {i : |xj−1

i + dj−1
i | >

√
2λk} and Ij = Ac

j .

6: Check Aj = Aj−1. If fulfilled, let A(λk) = Aj and (x(λk), d(λk)) = (xj−1, dj−1).
7: Update the primal and dual variables xj and dj by

xjIj
= 0, Ψt

Aj
ΨAjx

j
Aj

= Ψt
Aj
y, dj = Ψt(Ψxj − y).

8: end for
9: Check the stopping criterion.

10: end for

To analyze the algorithm, we make the following assumptions.
(H1) The true signal satisfies a decay property max1≤i≤T−1 |x∗i+1|/|x∗i | = ρ < 1.

(H2) The sensing matrix Ψ satisfies the RIP condition δ , δT+1 ≤ (1− ρ)
√
1− ρ2/6.

(H3) The noise level is small: ϵ ≤ |x∗T |(1− ρ)/30.
If the noise level ϵ is known and we choose the stopping criterion at line 9 of Algorithm 1 by

∥Ψx(λk)− y∥ ≤ ϵ. (2)

Then we have the following global convergence result. The proof of the theorem is technical and deferred to
Appendix A. We note that the RIP condition is Assumption (H2) is independent of the sparsity level T of the
true signal x∗, which improves a known result in [1].

Theorem 2.1. Let Assumptions (H1)-(H3) hold, β = 0.25. Then Algorithm 1 stops in finite steps k, and

A(λk) = A∗, x(λk) = Ψ†
A∗y.

Now we briefly discuss the choice of the parameter λ. First, if the noise level ϵ is known, we can apply
the discrepancy principle [12], i.e., select the λ value as the first λk such that (2) holds. If this knowledge is
unavailable, we employ either Bayesian information criterion (BIC) or the size of the active set to determine
λ. Specifically, we first run Algorithm 1 until ∥x(λk)∥0 ≥ θn, where θ ∈ [0.5, 1) and can be fixed at 0.9 in
practice. Then we select λ and x(λ) by following rules. (a) BIC: The BIC functional is defined by BIC(λk) :=
1
2∥Ψx(λk) − y∥22 + ln p

n dfλk
, where dfλk

= ∥x(λk)∥0 is the degree of freedom of x(λk) [13]. Then we take
λ ∈ argmin{λk} BIC(λk). (b) The size of the active set: For any d = 1, ..., p, denote by Sd = {λk : |Ak| = d}
and d̄ = argmaxd{|Sd|}. Then we choose λ = maxk λk, s.t. λk ∈ Sd̄.

3 Numerical examples

Now we illustrate the performance of Algorithm 1. All the experiments are run on a dual-core desktop with
3.16 GHz and 4 GB RAM. First we describe data generation and input parameters in Algorithm 1. The
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random T -sparse true signals x∗ with a dynamic range DR := max{|x∗i | : x∗i ̸= 0}/min{|x∗i | : x∗i ̸= 0} are
generated as follows. Due to the randomness, a large DR likely implies a faster decay of magnitude of x∗. The
sensing matrix Ψ ∈ Rn×p is taken to be random Gaussian. The observation vector y is given by y = Ψx∗ + η,
where η is the measurement noise, with the entries ηi following an i.i.d. normal distribution N(0, σ2) and noise
level ϵ = ∥η∥. We use (T, n, p,DR, σ) to denote the data. The decreasing factor β is fixed at β = 0.7.

(a) recovery position (b) CUP time (c) Relative ℓ2 error

Figure 1. (a) The support recovery probability on data set (10 : 20 : 400, 500, 1000, 100:1:5, 0.01); and (b) the
CPU time (b) and (c) relative ℓ2 error for (500 : 100 : 800, 2× 103, 105, 102, 0.01)

First we show the dependence of Algorithm 1 on the DR of the signal x∗ (i.e., the decay ratio of x∗). To
this end, for any DR ∈ {1, 10, ..., 105} we generate (T, n, p,DR, σ) = (10 : 20 : 390, 200, 1000,DR, 0.01). Then
we run Algorithm 1 on 100 independent realizations of the setup (T, n, p,DR, σ) using (2) to select λ, and the
results are shown in Fig. 1(a). The probability of Algorithm 1 to exactly recover the true support increases
with the increase of the DR of the signal. Surprisingly, Algorithm 1 can exactly recover a target support of
size larger than n/2, if DR > 103.

Next we show the efficiency and accuracy of Algorithm 1 with the choice rules: discrepancy principle [12],
BIC and the size of the active set (AS), which are denoted by PDASC-DP, PDASC-BIC, and PDASC-AS,
respectively. We compare them with two state-of-the-art methods, i.e., GreedyGp [14] and AIHT [15]. The
problem setup is (T, n, p,DR, σ) = (500 : 100 : 800, 2 × 103, 105, 102, 0.01), and the results are based on 100
independent realizations. The CPU time (in seconds), and the relative ℓ2 error are shown in Fig. 1(b)-(c).
It is observed that all three methods PDASC-DP, PDASC-BIC, and PDASC-AS are competitive with and
outperform existing methods in terms of the CPU time and the error. Although not presented, we would like
to note that the regularization parameters selected by the three rules are close to each other, which is also
confirmed by Fig. 1(c).

A Proof of Theorem 2.1

First we recall properties of the RIP constant [16]. Let A,B be disjoint subsets of S. Then

∥Ψt
AΨAxA∥ T (1∓ δ|A|)∥xA∥, ∥(Ψt

AΨA)
−1xA∥ T (1∓ δ|A|)

−1∥xA∥,

∥Ψt
AΨB∥ ≤ δ|A|+|B|, ∥Ψ†

Ay∥ ≤ (1− δ|A|)
−1/2∥y∥,

δs is monotone increasing with respect to s.

Let Assumptions (H1) - (H3) hold. Given any A ⊂ A∗, let B = A∗\A and I = S\A. Consider one step

iteration: xA = Ψ†
Ay, xI = 0, d = Ψt(y − Ψx). Let x̄A = xA − x∗A. Then one can verify direct computation

that

∥x̄A∥ ≤ δ|A|+|B|
1−δ|A|

∥x∗B∥+ 1√
1−δ|A|

ϵ ≤ δT
1−δT

∥x∗B∥+ 1√
1−δT

ϵ. (3)
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Now we consider the two cases separately.
Case 1. If B = ∅, i.e., A = A∗, then ∥x̄A∥ ≤ 1√

1−δT
ϵ, and

|dj | ≤ ϵ+ δT+1∥x̄A∥ ≤ ϵ+ δT+1√
1−δT

ϵ, ∀j ∈ I,

|xi| ≥ |x∗i | − ∥x̄A∥ ≥ |x∗T | − 1√
1−δT

ϵ ∀i ∈ A.

Case 2. If B is nonempty, let iA be the smallest index in B and c = |x∗iA |. Consequently,

||diA | − c| ≤ δ|B|∥x∗B\{iA}∥+ ϵ+ δ|A|+1∥x̄A∥, (4)

and

|dj | = |ψt
j(ΨBx

∗
B + η −ΨAx̄A)| ≤

{
δ|B|+1∥x∗B∥+ ϵ+ δ|A|+1∥x̄A∥ ∀j ∈ I∗ ∩ I,

δ|B|∥x∗B∥+ |x∗j |+ ϵ+ δ|A|+1∥x̄A∥ ∀j ∈ B, j ̸= iA.
(5)

Now the decay property of the signal from Assumption (H1) directly implies

∥x∗B∥ ≤
√
c2 + c2ρ2 + · · · ≤ c√

1−ρ2
and ∥x∗B\{iA}∥ ≤ cρ√

1−ρ2
. (6)

Now appealing to Assumption (H1)-(H3) and estimates (3)-(5), we deduce

∥x̄A∥ ≤ δ
1−δ

c√
1−ρ2

+ (1 + δ)ϵ ≤ 1
4 (1− ρ)c, (7)

||diA | − c| ≤ δcρ√
1−ρ2

+ ϵ+ δ∥x̄A∥ ≤ 1
4 (1− ρ)c, (8)

|dj | ≤
{ 1

4 (1− ρ)c ∀j ∈ I∗ ∩ I,
c− 3(1−ρ)

4 c, ∀j ∈ B, j ̸= iA.
(9)

As a direct consequence of these estimates, we have the following useful corollary.

Corollary 3.1. Let Assumptions (H1)-(H3) hold, and l ≤ T , A = {1, ..., l}, xA = Ψ†
Ay, d = Ψt(y − ΨAxA).

Then there holds mini∈A |xi| ≥ ∥d∥ℓ∞ .

Lemma 3.1. Let Assumption (H2) hold. Let l ≤ T , A1 = {1, ..., l − 1}, A2 = {1, ..., l}, x2A2
= Ψ+

A2
y,

d1 = Ψt(y −ΨA1Ψ
+
A1
y). Then |x2l | ≥ |d1l |.

Proof. Let D = Ψt
A1

ΨA1 , and b = (b1, ..., bl−1)
t = Ψt

A1
Ψl. Then for any z ∈ Rl−1, there holds

zt(D − bbt)z = ∥ΨA1z∥2 − ∥ψlΨ
t
A1
z∥2 ≥ (1− δ)∥z∥2 − δ2∥z∥2 = (1− δ − δ2)∥z∥2,

≥ 1− btD−1b ≥ 1− ∥b∥∥D−1b∥ ≥ 1− 1
1−δ∥ψ

t
lΨA1∥2 ≥ 1− δ2

1−δ > 0,

i.e., D − bbt is symmetric and positive definite. Further, ∥b∥ ≤ δ yields 0 < btD−1b < 1. Hence we deduce

(Ψt
A2

ΨA2
)−1 =

[
D b
bt 1

]−1

=

[
(D − bbt)−1 − D−1b

1−btD−1b

−bt(D − bbt)−1 1
1−btD−1b

]
.

Clearly, −bt(D−bbt)−1 = −btD−1

1−btD−1b . Upon letting B = S\A2, h = Ψt
A1

(ΨBx
∗
B+η) ∈ Rl−1 and c = ψt

l (ΨBx
∗
B+η),

we deduce
d1l = ψt

l

(
ψlx

∗
l +ΨBx

∗
B + η −ΨA1D

−1Ψt
A1

(ψlx
∗
l +ΨBx

∗
B + η)

)
= x∗l + c− btD−1h− btD−1bx∗l = (1− btD−1b)x∗l + (c− btD−1h),

where the second line follows from b = Ψt
A1
ψl. Similarly

x2l = x∗l +
(
(Ψt

A2
ΨA2)

−1Ψt
A2

(ΨBx
∗
B + η)

)
l
= x∗l +

(
(Ψt

A2
ΨA2)

−1

(
h
c

))
l

=
d1l

1− btD−1b
.

Therefore |x2l | ≥ |d1l |, and this completes the proof.
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The next lemma shows the behavior of the inner iterations.

Lemma 3.2. Let Assumptions (H1)-(H3) hold, and A0 = {1, ..., s}, s < T , I0 = Ac
0, x

0
A0

= Ψ†
A0
y, x0I0

= 0,

d0 = Ψt(y−Ψ). Then lines 3-8 in Algorithm 1 terminate in finite steps and the stopping criterion Aj = Aj−1

is reached.

Proof. By Corollary 3.1, ∥d0∥ℓ∞ ≤ mini∈A0 |x0i |. Then let
√

2λ̂ ∈ [∥d0∥ℓ∞ ,mini∈A0 |x0i |], and λ = 0.25λ̂. Now
suppose

√
2λ ∈ [|x∗q+1|, |x∗q |] for some q < T (we discuss the case q = T later), and let ik = min{i : i ∈ Ik},

a = |x∗q+1|, d = |x∗q |, b = a+ d−a
4 , c = d− d−a

4 . Next we discuss separately the following three scenarios.

(i)
√
2λ ∈ (b, c). By (7)-(9), one can verify: ik ≤ q ⇒ ik+1 > ik, ik ≥ q + 1 ⇒ Ak+1 = {1, 2, ..., q}, and

Ak ⊂ A∗, moreover {1, 2, ..., q} is stable.
(ii)

√
2λ ∈ [a, b]. One can check: ik ≤ q ⇒ ik+1 > ik, ik ≥ q + 1 ⇒ Ak+1 = {1, 2, ..., q} or Ak+1 =

{1, 2, ..., q, q+1}. After a finite number of steps, Ak reaches either {1, 2, ..., q} or {1, 2, ..., q, q+1}. By Lemma
3.1, if

√
2λ < xq+1 (definition for xq+1 is similar as Lemma 3.1), then {1, 2, ..., q + 1} is stable. If

√
2λ ≥ dq+1

then {1, 2, ..., q} is stable. This shows the convergence.
(iii)

√
2λ ∈ [c, d]. A similar argument implies that either {1, 2, ..., q} or {1, 2, ..., q − 1} is stable. Further, one

can prove q > s.
In case q = T , it suffices to show ik ≤ T − 1 ⇒ ik+1 > ik and Ak ⊂ A∗. Then it reaches either {1, ..., T − 1}
or {1, 2, ..., T}. A similar argument implies that the algorithm stops.

Now we can state the proof of Theorem 2.1.

Proof. The proof follows from Lemma 3.2. The active set Ak is monotonically increasing but always contained
in A∗. Hence, when

√
2λ ≤ 3

4 |x
∗
T |, the active set A must be identical with A∗, and the algorithm stops when

the active set Ak equals to A∗.
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Abstract: This paper builds on several reviews in which the interdisciplinary research on inverse problems
was highlighted by the author, particularly a review published in 1971, which showed their common evolu-
tion in all fields, another one in 2000, almost comprehensive, except for statistical methods, and the 25th
anniversary review (2009), where the consequences of the ‘natural’ origin of inverse problems was analysed.
Their references already give a good indirect bibliography for the present paper (a longer version, with more
direct references, can be obtained from the author). One focuses here on the emergence of ideas making
what already was called in the seventies Inverse Theory. The emphasis is on ‘Seminal’ ideas, S, i.e. those
which appear when a set of immature ideas for scientific working ‘crystallizes’ into a well defined program.
Defended first by only one or a few people, later they guide works, scientific results, and more ‘technical’
ideas, of several others. The most important technical ideas, can themselves be called ‘seminal techniques’,
S.T., considering the results or generalisations they create! In fact, it may be good to recall a maxim from
C Lanczos: “a lack of information cannot be remedied by any mathematical trickery”. Another one, given
by G B Shaw, ends the paper.

1 Before Inverse Theory. . .

EVE’s diary: Whenever a new creature comes along I name it. . .The minute I set eyes on an animal I know what it
is. I don’t have to reflect a moment: the right name comes out instantly, just as if it were an inspiration, as no doubt it
is, for I am sure it wasn’t in me half a minute before. I seem to know just by the SHAPE of the creature and the WAY
IT ACTS what ANIMAL it is [1].

We call ‘data’ what is observable or measurable in the image, and call ‘parameters’ values describing the objects to
be identified. Make dictionaries of both, and write down all correspondences between them. Such a management of the
IP Image ⇒ Object is called now
S Shape (or Behaviour) Recognition.
Example: friend or foe interrogations during World Wars 1 and 2.
Bad or noisy data necessitated further:
a Extending the definition of solutions.
b Getting algorithms to calculate them.
c Seeking ways of describing (coding?) image and/or object.

Hereafter, we will follow the evolution of the theory, but please allow the author to begin with his own suggestion,
concluding the interdisciplinary NASA meeting of 1971 [2]:
Never ask for ‘solutions’ but:
SQ ‘Here are the experimental results. What information do they contain?’
This seminal question was a cornerstone for the meetings we organised between 1972 and 2000 with logo RCP 264,
and for the journal Inverse Problems we founded in 1985 with Roy Pike and IOP: IOP, journal staff, authors, boards,
editors, particularly A Louis for the present paper, deserve all our gratitude. All this led to the analysis of how inverse
problems [3, 4] usually arise:
1) we get ‘data’ from observations and/or measurements;
2) we know, or we presume, that a set of physical quantities, called ‘parameters’, or of any other elements of interest
in natural sciences, and collectively called a ‘physical state’, or an ‘object’, is related to the information presumably
contained in these data;
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3) we try to identify precisely from the data the ‘state’; or the ‘object’. This is a ‘natural inverse problem’. The
mathematical one begins with SETTINGS:

One first gathers and defines ‘parameters’ in such a way that they describe the ‘state’ or ‘object’. Then, one defines
a mathematical ‘space of parameters’, C, including all the physical elements and others, fulfilling the two requirements
that its definition as a mathematical space is ‘simple’ , and that one can express the difference between two ‘states’, i.e.
with a topology, the simplest and most usual choice being that of a metric space. The natural phenomenon that relates
‘our parameters to our data’ can now be represented by a mapping M from the space of parameters C to a space of
data E constructed with the same requirements and that contains all possible data, (usually also a metric space). The
triple (C,M , E) represents a ‘mathematical model’ for our problem, defining a mathematical direct problem. A method
constructing for any element e of E an element c of C such that e =M(c), or, respectively, e : close− to :M(c), is called
a solution, or, respectively, a generalised solution of the mathematical inverse problem. As we noticed in a previous
paper, relations between the ‘natural inverse problem’ and the ‘mathematical inverse problem’ are always present, even
if those do not appear in many published papers.

2 History of Seminal Ideas

S1 (Prehistory): Memorise two dictionaries of elements of C and of E, with all relations
between them (convenient for finite sets only).

S2 (1826, Abel): Try to derive formulas of profile inversion. Abel’s well-known one is:

g(y) =

ˆ y

0

f(z)(y − z)−
1
2 dz ) (0 ≤ y ≤ a) (1)

ˆ x

0

f(z)dz = π−1[

ˆ x

0

g(y)(x− y)−
1
2 dy] (0 ≤ x ≤ a) (2)

(1900. . . Hadamard . . . Holmgren, Petrovski) A well-posed inverse problem is such that for
any result, there exists a unique, and stable, solution. “On a pu trouver des cas très étendus dans
lesquels l’un ou l’autre de ces problèmes se présentait comme parfaitement bien posé, je veux dire comme
possible et déterminé . . . il est remarquable. . . que deux problèmes tout à fait analogues en apparence puissent
être l’un possible et l’autre impossible, suivant qu’ils correspondent ou non à une donnée physique”. (1902,
J. Hadamard, comparing Laplace and Helmholtz equations with Dirichlet and Cauchy conditions).

(1940) Identification or construction? Physicists, or practitioneers, only seek solutions, or
approximate solutions, that can be derived by constructive methods.

S3.(1890-1940) Weak nonuniqueness of inverse problem solution can be represented
by a bound of the measurements resolving power. (Lord Rayleigh..)

S4. Find a probable value of parameters.(Statistical approaches. Bayes, Laplace,. . . )

1850-1940. Routes in the spaces C and E (Darboux, Crum, Krein, Bargmann. . . )

1940-1970 Inverse Theory is BORN!!

3 Inverse Theory with perfect data.

NONUNIQUENESS (nonlinear and spectral problems: famous analyses of Krein, Gelfand, Levitan, Marchenko, Kay,
Levinson, Moses, Regge, Newton, Faddeyev. [5])

1)Approximate mappings leading to several turning points and Abel’s integral have been used to describe nonuniqueness,
(e.g. in geophysics and in neutron scattering at fixed energy), and they explain the ambiguities, (numerically verified
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later) by physical reasons: parts of the profile escaping paths of propagation, guided waves, shell of minimum velocity,
etc. [3, 4, 5] The nullspace of local linearizations of M may also show nonuniqueness. ST1. approximate mappings
from C to E, can show the emergence of ambiguities in the range they are valid. But exercise extreme
caution...!

2) Recall: Signal Theory and linear self adjoint operator: Let D = − ∂2

∂x2 + V , with V real and ’regular’, e.g. inside
[4, 5]

L1
1(R) =

{
V |
ˆ +∞

−∞
(1 + |x|) |V (x)| dx <∞

}
The spectrum of D ((i.e. the set of numbers λ for which (D − λI) is not invertible) is made of the positive half axis
(values λ = k2) and a finite number of negative eigenvalues λn = −κ2

n, for which the operator D has an eigenfunction
ψn in L2(R): Dψn(x) = −κ2

nψn(x) The ψn definition is achieved by normalising it in L2(R). For real k, (so-called
continuous spectrum), the eigenfunctions are replaced by the ingoing or outgoing Jost solutions of (D − k2)f = 0,
respectively:

f±(k, x) = exp [±ikx] + o(1) x→ ±∞

Now the spectral signal analysis uses the fact that any element h in L2(R) is equal to its projection on these eigenfunc-
tions, i.e. the sum of an integral involving f± and an expansion on the ψn, e.g.,for V = 0, with f+ = eikx, we get so
the usual Fourier transform h(x) =

´ +∞
−∞ e−ikxH(k)dk

3) Wave problems: Schrödinger’s wave equation D − k2u=0, where k2 is the wave number
(
k2 = k.k

)
is related to

Helmholtz or Impedance Equations. In 3d problems, D is equal to −∆ + V .[3, 4, 5, 6] From now on, assume V
decreases fast enough at ∞.
1d scattering: k real (positive energy) ‘outgoing’ and ‘ingoing’ Jost solutions define the scattering data (reflection
and transmission coefficient): T (k)f−(k, x) = f+(−k, x) + R(k)f+(k, x). R(k) is supposed ’measurable’. A discrete
spectrum may exist (‘bound states’). For V ‘small’ linearized formulas suggest: V (x) ≃ 2i

π

´ +∞
−∞ k R(k)e2ikxdk but it

is WRONG: Information on discrete spectrum must be used! The famous example is the ‘transparent’ V for

which R = 0, but one discrete eigenvalue (−κ2): V0(x) = − 2κ2

ch2[κ(x−x0)]

3d scattering

u(k, x)=exp[ik.x] + x−1 exp[ikx]F
(
x̂, k̂, k

)
+ o

(
x−1

)
The inverse problem F to V is:
(a) overdetermined if F given for all x̂, k̂, k: obvious on linearized behavior (large k).
(b) not determined uniquely at fixed k, unless strong restrictions, e.g. |V (x)| ≤ α exp[−βx]
If not, ‘transparent potentials’ (Newton-Sabatier, or singular)
(c) So as to understand physical reasons enabling transparent ‘long tail’ potentials, see the spherically symmetric case,
linearized for small interactions
F (θ, k) = −

[
2k sin θ

2

]−1 ´∞
0

sin
[
2kr sin θ

2

]
V (r)rdr

IP reduces to a well known Fourier inversion, with a band (0, 2k) filtering: uniqueness only if the a priori decreasing of
V guarantees a unique continuation.

Hence, a very precious property of an inverse problem is strong NONUNIQUENESS:
it suggests what is lacking in our information.

4 Inverse Theory with real data, but controlled nonuniqueness.
Algorithms. Going back to modelling

For details on regularisations or algorithms see our review [3] and its classical references, (e.g. by Louis or Natterer),
and keep in mind the rules:
R1 There are always measurement errors.
R2 If E linear space, define a norm, describing a “size”.
R3 A priori knowledge only defines “admissible” parameters.
R4 First choose a branch of M , and study IP “posedness”.
R5 A generalised solution must be admissible and stable.
R6 Linearising M may give informations.
As Gauss and Legendre had done before, one first minimized the misfit [µ(x)]2 =

∑N
p=1[ep − (Mx)p]

2 But for the first
well known ”least-squares” algorithms, Google citations credit Levenverg,(1944, 6000 cit), Marquardt, (1963, 20000 cit),
Tikhonov (1963, 11000 cit). Compromise came gradually. Mathematical results in the sixties, mainly due to Tikhonov’s
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school, led to

S1: A regularised solution is a generalised one achieving a ‘compromise’ between misfit, phys-
ical relevance, and stability
Example: Minimise the “cost function” C(x) =: ∥x− x0∥2 + λ2 ∥y −Mx∥2
Regularisation with guides appraising nonuniquemess (linear M):
There are two methods [3]: a) the Singular value decomposition, which enables pointing out irrelevant, impos-
sible, and important parameters, defining with Bertero de Mol and Pike the degrees of freedom in our mea-
surement device, and regularising by shunting too small singular values; b) the Backus and Gilbert method,
which appraises the resolving power of measurements.

Algorithms Their development relies on various stategies. Search of fixed points:but nonunique in most
inverse problems. Search of asymptotic expansions towards a solution: which often needs justifications.
Algorithms coupled with regularisations: as optimisations, mollifiers, etc Algorithms based on the
analysis of the problem, as NS matrix methods, Herglotz functions,. . .Algorithms suggested by statis-
tics: Monte Carlo, hedgehog, etc. Algorithms suggested by other sciences., as simulated annealing,
genetic algorithms. . .Algorithms imposed by very special a priori information. See below.

Descriptive Modelling is not the only possible one in C0, the admissible elements of C : Examples being :
Mathematical morphology. (1964 Matheron, Serra [3]); Special physical Requirements. Distinguished
features; Positivity, convex sets of solutions, represented by their extremals. (1977 Sabatier [3, 7]). Related
seminal ideas are:
S1: Reduce the numbers of degrees of freedom in C0: Natural reduction: Geologic examples; Imaging
problems: Coding, Sparsity (2004 Daubechies, Defrise and De Mol [8]) .
S2. Decisive modelling.(1983 Sabatier [3, 9]): For some illposed problems, there is a set of wellposed
questions whose answer leads to a decision. For instance, it determines a bound (e.g., on density, or temper-
ature), which is common to all the admissible solutions, and whose value justifies a decision. Remodelling by
selecting such questions forgets any descriptive image.

5 Inverse Theory and experiments

S Time Reversal: Theory or Experiments enable time reversing propagation of acoustic, elasto-
dynamic, or e.m. waves governed by a linear pde, solving the source IP. Acoustical Example:(Fink
and Praha [10])
Experiment: TRC is a 2d transducer array that samples the wavefield; receiving amplifiers, a storage memory and
programmable transmitters are able to synthetize a time reversed version of the stored signal. On the surface S sur-
rounding a source, TRC reconcentrate into it the signal (which is a Green function in the case of a point source at
r0). Theory: Assume we measure the (pressure) field and its normal derivative at any point of S during the interval
[O,T]. Then, removing the initial (point) source at r0, “create” on the cavity surface monopole and dipole sources
that correspond to time reversal of these same measured components: one can show that a time reversed pressure field
ϕtr(r1, t1) propagates inside the cavity. Spatial reciprocity and time reversal invariance of the (linear) wave equation
yield ϕtr(r1, t1) = G(r1, T −t1|r0, t0)−G(r1, t1|r0, T −t0) which can be interpreted as the superposition of incoming and
outgoing waves, centered on the initial source position: thus the time reversed field shows two wavefronts: the second
one is a replica of the first one, multiplied by −1. It follows that source can be reconstructed from recorded values on
the surface of the cavity, provided long enough time of recording before time reversing. Furthermore,elastic scattering
on inhomogeneities do not alter efficiency. Method works in complex media, with scattering by many targets, which
can increase the apparent mirror size. Hence it enables in special cases superresolution or detecting an object behind an
opaque obstacle.
S Invisibility: Absorbers in scattering (1963, Weston. . . ), strong nonuniqueness, and scattering ‘transparent’ param-
eters were the results on invisibility before 2000. They suggested similar studies ( Uhlmann . . . ) on Calderon Problem.
A new idea of research on invisibility appeared with Invisibility cloaking. The theory suggests how electromagnetic (or
other) currents) can be managed (Pendry...) to surround a cavity by a ‘cloak’ of invisibility, using ‘metamaterials’ to
match continuously the waves propagation.
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6 Inverse Methods: (since 1967), and Final Remarks

S One seeks a solution of a nlpde, e.g. u(x, t) of KdV, by using direct and inverse scattering (or spectral)
problems of a linear operator as one solves linear p.d.e. by using Fourier and Inverse Fourier transforms
on the scattering (or spectral) data s(t):
u(., 0) ⇒ d.s.p. ⇒ s(0) ⇒ s(t) ⇒ i.s.p. ⇒ u(., t)
S Write down the nlpde as consistency condition (“Lax equation”) for spectral-scattering problems of
linear operators depending on a common parameter, the nlpde’s solution
I reviewed KdV case and several generalisations for the 25th anniversary of Inverse Problems: solving the Schrödinger 1d
scattering IP gives a solution of KdV, the transparent potential giving a soliton. A similar sequence of similar formulas
can be managed with the Zacharov-Shabat spectral Problem and is associated to the Nonlinear Schrôdinger Equation.
Many other generalisations showed nonlinear coherent structures, e.g. boomerons, trappons, kinks, and hierarchies of
“integrable” nlpde [4]. As a matter of fact, developments are now concerned not only with integrability and nonlinear
evolution equations but also with many other points of dynamical systems. However, and even in methods dealing with
’inverse of inverse problems’, Inverse Methods remain a huge branch of Inverse Theory: The author worked mainly on
them after 1985, together with many people coming from our field (e.g. Ablowitz, Boiti, Calogero, Degasperis, Fokas,
Kaup, Kruskal, Lax, Léon, Segur, Shabat, Zacharov).

Final Remarks S ideas and techniques naturally appeared in applications of inverse problems to various imagings

(Soundings of Solid Earth, sonar, radar, lidar, Xraytomography, gammagraphy, nmr, magnetoencephalography, ther-

mography, gravimetry, muons or neutrinos tomography of volcanos, optical diffuse imaging [3, 11, 12]), and in those of

inverse methods, e.g. nonlinear signal analysis (Osborne) of waves governed by integrable equations (Calogero-Eckhaus

class) [3, 4]. The remarkable ‘interdisciplinarity’ of this research continuously made us problems with specialists after

1990 [13], illustrating the GB Shaw maxim: “no man can be a pure specialist without being in the strict sense an
idiot”.
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Abstract: Characteristic for ill-posed problems is the lack of information for determining an acceptable
solution in the equation under consideration. The unavoidable data noise necessitates an inexact, of course
controlled inexact, solution with a trade-off between damping of noise and accuracy in the solution. Principle
strategies are the reduction of the information content in the solution or the addition of hopefully correct
information to the problem. We collect results on linear problems, where a detailed analysis is available,
and then we present actual developments for nonlinear problems.
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1 Introduction

The definition of ill-posed problems dates back to the work of Hadamard in the beginning of the 20th century.
He first calls a problem well or correctly posed if the problem has a unique solution for all admissible right-
hand sides. He then added the demand for continuous dependency of the solution on the data for suitable
topologies. In the case of linear problems in Hilbert spaces the concept of pseudo solutions resolves the problems
of existence and uniqueness of the solution. The choice of a smaller space for the data or a larger space for
the solutions is often proposed as a remedy for the instability. But for the modeling of the problem the image
space has to be large enough to contain the typical data errors. Here continuity assumptions for example would
exclude the typical data noise. Consequently the dependence of the solution on the data is not continuous.
Continuity is established by the concept of stabilization or regularization, where a solution is defined for all
possible data and dependent on a regularization parameter. The definition of regularization can be described
by the condition that the regularized solution depending on a regularization parameter tends to the pseudo
solution if the data error tends to zero. For theoretical analysis this is very helpful, for practical problems with
unavoidable non-zero noise level the selection of the suitable parameter is a crucial task.
For the sake of simplicity we present the main ideas first for linear problems in Hilbert spaces. Recent advances
in Banach spaces are extremely important but a detailed presentation would exceed as well as a complete list of
references the page limit for this short presentation. Similarly we present roughly ideas for nonlinear problems.

2 Linear problems

Linear inverse problems have in this fast developing field a rather long history of around 60 years. Actually
what we now call Tikhonov-Phillips regularization was already used for solving nonlinear problems in each step
for the linearized problems by Levenberg-Marquardt. The basic idea is to introduce additional information
independently and on complete different level of abstraction achieved in the early 60ies by Tikhonov in the
former Soviet Union and by Phillips in the U.S.A. The history was repeated at the end of the 60ies reducing,
as we nowadays call it, the resolution content of the solution by Likht and Backus-Gilbert.
Recent advances comprise additional information like sparsity or compressed sensing.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

17

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

We start off from the definition of regularization methods for linear problems in Banach spaces to solve for
f the equation

Af = g . (1)

Definition 2.1 Let X, Y be Banach spaces and let A : X → Y be linear, continuous and injective. Let
Sγ : Y → X be continuous and

lim
γ→0

SγAf = f (2)

for all f ∈ X. Then we call Sγ a regularization method.

If we restrict our considerations to Hilbert spaces the injectivity is not imposed. This definition can be extended
to include the reconstruction not only of the function f itself, even the calculation of features, where for a
given observation operator L directly Lf is computed, avoiding that way first calculating f and then Lf . For
edge detectors L typically is a differential operator, [4].

Addition of information

The classical way of stabilizing a problem is by the introduction of additional information. Very often this
is achieved by variational methods where besides the data confidential term a side condition with wanted
properties of the approximate solution is minimized leading to Tikhonov-Phillips type methods. Already
simple examples however show that the introduction of correct information may lead in the case of erroneous
data to worse results. When introducing in a Hilbert space setting a weighted residual for the data error as

∥Af − g∥2C = (Af − g)∗C(Af − g) (3)

with a positive definite, selfadjoint operator C : Y → Y , then the variational problem can be formulated as

min
f∈X

∥Af − g∥2C + γΩ(f) (4)

where in Ω the additional information is encoded. In the simplest case Ω is represented as

Ω(f) = ∥f∥2B = f∗B∗Bf (5)

with B∗B : X → X positive definite operator, then the optimization problem reduces to the solution of a linear
problem (

A∗CA+ γB∗B
)
fγ = A∗Cg . (6)

The selection of the operators B and C depends on the user’s preferences. If the operators are considered
as weighting of the solution and of the residuals respectively the approach is considered as deterministic, if
they are constructed as covariance operators then one faces a Bayesian approach for Gaussian noise, hence a
stochastic approach.

In the case of Poisson noise one is bound to a Bayesian approach, here the problem becomes nonlinear and
methods like expectation maximization or multiplicative ART methods are powerful tools. We come back to
this in the course of iterative methods.

Other realizations of Tikhonov Phillips type methods comprise

Ω name
Ω(f) = −

´
f(x) log(f(x))dx maximum entropy

Ω(f) =
´
|∇f(x)|dx total variation

Ω(f) = ∥f∥L0 or ∥f∥L1 sparsitiy

In each of these cases the variational problem becomes nonlinear, even if the original problem was linear.
The same statement is true if problems in Banach spaces are considered.
If the problem is formulated in Hilbert spaces and the operator is compact, the singular value decomposition
allows for simple convergence analysis. The speed of convergence can be analyzed if additional smoothness of
the solution f is considered. This is not surprising when one compares with classical numerical approaches:
the difference quotient converges to the derivative for differentiable functions. If the function fulfils further
smoothness conditions the speed of convergence can be specified. The role of the smoothness is played by source
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conditions, often expressed by norms generated by powers of A∗A or by the singular value decomposition.
In many situations the regularization method can be represented as a numerical filter on the expansion with
respect to the singular value decomposition {vn, un;σn} where Avn = σnun as

Tγg =

∞∑
n=0

Fγ(σn)
1

σn
⟨g, un⟩vn (7)

The case F = 1 represents the minimum norm solution. Conditions for being regularization methods can be
expressed by boundedness of Fγ and its pointwise convergence to 1. For the above mentioned Tikhonov-Phillips
method with B and C being the identity the filter Fγ is given as

Fγ(σn) =
σ2
n

σ2
n + γ

.

Another type of regularization methods is represented by iterative methods. Here one observes in the case
of noisy data a so-called semiconvergence: the error starts decreasing up to the point where the influence of the
data error becomes sufficiently strong, then the error increases. Consequently the regularization parameter is
the stopping of the iteration. Again the solution is calculated inexactly. Prominent examples are Landweber
iteration or the method of conjugate gradients applied to the normal equation. Both methods can be expresses
in the form of filtered versions of the singular value decomposition. For the Landweber iteration

fm+1 =
(
I − βA∗A

)
fm + βA∗g

it takes for initial guess f0 = 0 on the form

Fm(σ) = 1−
(
1− βσ2

)m
with m being the iteration number. For the conjugate gradient method the filter comprises discrete orthogonal
polynomials, and especially the stability analysis, which goes back to Nemirovs’kii, is very tedious. If the
iteration operator is not a function of A∗A the analysis becomes much more difficult. For the well-known
Kaczmarz method, often used in computerized tomograph a semiconvergence result was proven only recently.
In tomography the method is called ART as abbreviation of algebraic reconstruction method. The iterates are
projected on the hyperplanes representing the linear equations. Multiplicative ART applied for expectation
maximization has the form

fm+1 =
1

A∗1
fmA∗ b

Afm

where the quotient is to be understood pointwise. Here positivity is preserved and the convergence analysis is
completely different from the above mentioned methods.

Critical in all these methods is the selection of the regularization parameter γ or the stopping index in the
iterations m where γ can be interpreted as γ = 1/m. If a priori information about data errors and bounds
on the solution are known, then a priori rules can be formulated. This mostly is not the case. Then criteria
like choosing the parameter such that the defect is of the same size as the noise level are known as Morozov
type rules. For many application Hansen’s L curve criterion is a useful technique, although this approach is
occasionally criticized as not leading to an order-optimal method. But if only measured data with unknown
noise level are available it is often the method of choice in the applications.

Reducing the information content in the solution

An obvious way to reduce the information content is truncated singular value decomposition. This can be
interpreted as a filter method where the filter Fγ(σn) = 1 for singular values larger than a certain threshold,
and 0 otherwise. In contrast to the above mentioned methods the expansion coefficients are not changed to
something that does prevent the noise to prevail in the solution, they are simply cut off. But the application
necessitates the knowledge of the singular value decomposition. For analyzing the solution process this is a
helpful, but expansive tool.

The projection of the solution to a finite dimensional subspace is also known to be a regularization method.
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This result goes back to Natterer. The regularization parameter is the stepsize in the discretization, but
changing the regularization parameter means to completely restart the calculation

A completely different approach was presented by Likht and Backus-Gilbert. Likht showed theoretically
that calculating linear functionals on the solution can stabilize the problem. At a first glance that looks
like changing the topology in the space X and so as changing the problem. Backus and Gilbert numerically
calculated such functionals, although they considered their approach completely different. Especially their
method is extremely time consuming so that its perception was a method to evaluate the solution only at a
few points.

The method of approximate inverse starts from a different approach and was motivated by applications in
computerized tomography. The aim was to precompute a solution operator starting from an approximation
of the delta distribution. The regularization parameter here is the ’difference’ to the delta distribution. In
Backus-Gilbert they consider the ’deltaness’ of their reconstruction kernel, which they could not influence.

If δγx is the approximation of the delta distribution for the point x the following auxiliary problem has to be
solved

A∗ψγ
x = δγx (8)

which can be replaced by the normal equation AA∗ψγ
x = Aδγx if δγx is not in the range of A∗, leading to

a stabilized minimum norm solution of the original problem. The reconstruction kernel ψγ
x is precomputed

independent of the data. The regularized solution is then determined as

Sγg(x) = ψγ
xg . (9)

If the same problem frequently has to be solved for different measured data this apporach is very efficient,
especially if invariances of the problem can be applied. For details see [2].
The above mentioned filter methods can be interpreted as special cases when the approximation of the delta
distribution is considered as δγx =

∑
Fγ(σn)vnvn(x). Also feature reconstructions are possible, [4].

Here mostly the ideas are presented in Hilbert spaces. Generalizations to Banach spaces are in the centre
of present theoretical research, but also for numerical evaluations. As monography [5] is recommended.

3 Nonlinear problems

In contrast to the well-developed theory for linear problems a similar statement for nonlinear problem does
not hold. The seminal work by Engl, Kunisch, Neubauer [6] opened the door for the development of the
regularization theory. As many practical problems are nonlinear numerical approaches were developed. In
the well-known Levenberg-Marquardt method from the 50ies the nonlinear problem was linearized and in each
iteration step the linear problems were stabilized in a way later known as Tikhonov-Phillips method.
The first problem in nonlinear equations is that the solution is typically non unique. Hence in the definition of
the minimum norm solution one looks for a minimum norm solution near a prior f∗. In [6] the minimization of
the sum of defect and penalty term is then considered. As numerical methods then inexact Newton methods
were studied; inexact means that the linear problems in each iteration step are not exactly solved. As the
whole problem is practically never exactly solvable, the experience from the linear regularization theory tells
to stop the iteration dependent on the noise in the data. For a monograph for iterative solvers see [7].

In recent times also sparsity are considered as additional information. The sparsity is controlled by the
L0 norm which leads to NC complete problems. As compromise this norm is replaced by the L1 norm. The
minimization is then formulated as optimization problem and the powerful techniques developed there are
applied. For details see the Topical Review [8]. With compressed sensing the sory continues.

Acknowledgments

The author thanks the Deutsche Forschungsgemeinschaft for supporting the work under grant Lo310/11-2 and
Lo310/13-1.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

20

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

References

[1] Louis A K 1989 Inverse und schlecht gestellte Probleme (Stuttgart:Teubner)
[2] Louis A K 1996 Inverse Problems. 12 175-190
[3] Louis A K 1999 Inverse Problems. 15 489-498
[4] Louis A K 2011 Inverse Problems. 27 065010
[5] Schuster T, Kaltenbacher B, Hofmann B and Kazimierski 2012 Regularization Methods in Banach Spaces (Berlin: de Gruyter)
[6] Engl H W, Kunisch K and Neubauer A 1989 Inverse Problems. 5 523-540
[7] Kaltenbacher B,Neubauer A and Scherzer O 2008 Iterative Regularization Methods for Nonlinear Ill-Posed Problems (Berlin:

de Gruyter)
[8] Jin B and Maass P 2012 Inverse Problems. 28 123001

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

21

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

Part II

Minisymposia
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Minisymposium M2

Asymptotic Expansions
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Abstract: Photothermal imaging allows to inspect the structure of composite materials by means of non-
destructive tests. The surface of a medium is heated at a number of locations. The resulting temperature
field is recorded on the same surface. Thermal waves are strongly damped. Robust schemes are needed to
reconstruct the structure of the medium from the decaying time dependent temperature field. The inverse
problem is formulated as a weighted optimization problem with a time dependent constraint. The inclusions
buried in the medium and their material constants are the design variables. We propose an approximation
scheme in two steps. First, Laplace transforms are used to generate an approximate optimization problem
with a small number of stationary constraints. Then, we implement a descent strategy alternating topolog-
ical derivative techniques to reconstruct the geometry of inclusions with gradient methods to identify their
material parameters. Numerical simulations assess the effectivity of the technique.

Keywords: phototermal imaging, topological derivatives, gradient methods, constrained optimization

1 Introduction

Photothermal imaging has arisen as an effective tool for nondestructive testing of composite materials. The
surface of a semi-infinite medium is heated with a laser beam. The temperature is then measured at a number
of receptors placed on the surface during a time interval, see Fig. 1. This technique has been employed in recent
experiments by [1, 2]. Here, we develop a theoretical framework to process the measured data and reconstruct
the structure of inclusions buried in the medium.

The imaging set-up is depicted in Fig. 1. Let κe be the thermal conductivity of the exterior medium and
ρe the density multiplied by its specific heat. Inclusions with thermal parameters κi and ρi are buried in
it. The inverse problem consists in finding the inclusions Ω and their material parameters κi, ρi such that

Figure 1. Imaging set-up. Receptors and thermal sources are located on the boundary Π of the medium. The
inclusions Ω and their material parameters must be reconstructed.
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the temperature field measured at the detector locations x1, . . . ,xM ∈ Π at times t1, . . . , tN agrees with the
solution of the corresponding forward problem. This is a transmission problem for the heat equation governing
the temperature field

U(x, t) :=

{
Ue(x, t), in Ωe × (0,∞) := (R2

− \ Ω)× (0,∞),
Ui(x, t), in Ω× (0,∞),

given by 

ρe∂tUe − κe∆Ue = 0, in Ωe × (0,∞),
ρi∂tUi − κi∆Ui = 0, in Ω× (0,∞),
Ui − Ue = Uinc, on ∂Ω× (0,∞),
κi∂nUi − κe∂nUe = κe∂nUinc, on ∂Ω× (0,∞),
∂nUe = 0, on Π× (0,∞),
Ue(x, 0) = Ui(x, 0) = 0, ∀x ∈ R2

−,

(1)

where R2
− := {(x, y) ∈ R2, y < 0} and Π := {(x, 0), x ∈ R}. The surface of the sample Π is thermically excited

at a source point x0 ∈ Π with a delta–pulse source, producing a thermal wave

Uinc(x, t) =
1

t
exp

(
−ρe|x− x0|2

4κet

)
, x ∈ R2, t > 0. (2)

Adiabatic boundary conditions are imposed on the upper boundary Π.
The inverse problem is regularized using a constrained variational reformulation: Determine regions Ω and

parameters κi, ρi minimizing the functional

J(R2
− \ Ω, κi, ρi) =

1

2

M∑
k=1

N∑
j=1

f(tj) (Utotal(xk, tj)− Umeas(xk, tj))
2
, (3)

where Utotal is the solution of the time dependent forward problem (1) for an inclusion Ω with thermal param-
eters κi and ρi. The forward problem acts as a constraint. The weight function f(t) normalizes the time decay
of solutions of the heat equation:

f(t) = max
x∈{x1,...,xM}

|Umeas(x, t)|−1.

Thermal waves are strongly damped. Time dependent weights prevent losing information as time grows.

2 Approximation using Laplace transforms

The time dependent heat problem can be efficiently solved combining Laplace transforms and stationary bound-
ary element formulations. This suggests an alternative approximate variational formulation for the inverse
problem, involving a small number of stationary constraints.

For each value of s, the Laplace transform of U

us(x) =

ˆ ∞

0

e−stU(x, t)dt,

is a solution of a Helmholtz transmission problem with complex wave numbers depending on the parameter s
[3]:  κe∆us − sρeus = 0, in Ωe, κi∆us − sρius = 0, in Ω,

u−s − u+s = uinc,s, on ∂Ω, κi∂nu
−
s − κe∂nu

+
s = κe∂nuinc,s, on ∂Ω,

∂nus = 0, on Π,
(4)

where uinc,s =
´∞
0
e−stUinc(x, t)dt. The Laplace transform is then inverted choosing hyperbolic paths [4]:

γ(θ) := µ(1− sin(π/4 + ıθ)), θ ∈ R, where µ > 0. The solution of (1) takes the form

U(x, t) =
1

2πı

ˆ ∞

−∞
etγ(θ)uγ(θ)(x)γ

′(θ)dθ.
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A truncated trapezoidal rule yields an approximation of U :

U(x, t) ≈
L∑

ℓ=−L

cℓe
tsℓusℓ(x)

with nodes and weights:

sℓ = γ

(
log(L)

L
ℓ

)
, cℓ =

log(L)

2πıL
γ′
(
log(L)

L
ℓ

)
.

As in [5, 6], we replace the original cost functional (3) by the approximate functional

J(R2
− \ Ω, κi, ρi) =

1

2

M∑
k=1

N∑
j=1

f(tj)

(
L∑

ℓ=−L

cℓe
tjsℓusℓ(xk)− Umeas(xk, tj)

)2

, (5)

involving now 2L+1 stationary constraints: the Helmholtz transmission problems for the coefficient functions
usℓ(x), ℓ = −L, ..., L.

3 Descent strategy with respect to inclusions and parameters

To approximate solutions of the optimization problem we resort to a descent technique. Sequences of approx-
imate inclusions and parameters are generated along which the cost functional (5) decreases. Descent with
respect of the domains is implemented using topological derivatives. Descent directions for the parameters are
determined using gradient methods.

Let us fix an initial guess of the parameters κi = κ0i and ρi = ρ0i . A first guess of the inclusions is obtained
calculating the topological derivative of the resulting shape functional.

The topological derivative DT (x,R) of a shape functional J (R) is a scalar function of x ∈ R that provides
asymptotic expansions of the form [7]:

J (R \Bε(x)) = J (R) +DT (x,R)πε2 + o(ε2), as ε→ 0.

Placing small inclusions Bε(x) = B(x, ε) at the points x ∈ R where the topological derivative is negative the
value of the functional decreases. Points where the topological derivative attains the largest negative values
are likely to belong to inclusions of different materials. A first approximation Ω1 of Ω is defined as the set of
all the points where the topological derivative of J(R2

−, κ
0
i , ρ

0
i ) falls below a negative threshold (see [5, 8] for

guidelines of the selection of such constant).
The evaluation of the topological derivative is effectively performed exploring explicit expressions in terms

of forward and adjoint fields. Similarly to Theorem 3.2 in [5] we can prove
Theorem. Fixing κi, ρi, the topological derivative of the functional J(R2

− \ Ω, κi, ρi) defined in (5) is

DT (x) = Re

(
L∑

ℓ=−L

2κe(κe − κi)

κe + κi
∇utotal,sℓ(x)∇psℓ(x) + (ρe − ρi)sℓutotal,sℓ(x)psℓ(x)

)
(6)

when x ∈ R2
− \ Ω, where utotal,sℓ = uinc,sℓ + usℓ , and usℓ is a solution of (4) for s = sℓ. The fields psℓ are

solutions of adjoint problems: κe∆psℓ − sℓρepsℓ = gsℓ , in Ωe, κi∆psℓ − sℓρipsℓ = 0, in Ω,
p−sℓ − p+sℓ = 0, on ∂Ω κi∂np

−
sℓ
− κe∂np

+
sℓ

= 0, on ∂Ω,
∂npsℓ = 0, on Π,

(7)

where gsℓ(x) :=
∑M

i=1

∑N
j=1 f(tj)csℓe

tjsℓ
(
Umeas(xi, tj)−

∑L
k=−L cke

tjskusk(xi)
)
δxi(x).

To determine Ω1, we set Ω = ∅, κi = κ0i , ρi = ρ0i . Given an approximation Ωd for fixed κi, ρi, a better one
can be determined computing the topological derivative of J(R2

− \Ωd, κi, ρi) and adding to Ωd points where it
falls below a negative threshold.
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Once a first approximation of the inclusion Ω1 is selected, the parameters are updated using correctors
provided by a gradient method. Given approximations κq−1

i , ρq−1
i of the material parameters, we define κqi =

κq−1
i + ηϕq and ρqi = ρq−1

i + ηψq, for small η > 0. The numbers ϕq, ψq are selected differentiating

J(η) := J(Ω0
i , κ

q−1
i + ηϕq, ρq−1

i + ηψq),

with respect to η and imposing J ′(0) < 0. Following [5, 8] we prove that the choice

ϕq = Re

(
1

meas(Ωd)

ˆ
Ωd

L∑
ℓ=−L

∇usℓ∇psℓ

)
, ψq = Re

(
1

meas(Ωd)

ˆ
Ωd

L∑
ℓ=−L

sℓ usℓpsℓ

)
, (8)

ensures J ′(0) < 0. The fields usℓ , psℓ are solutions of (4) and (7), respectively, taking Ω = Ωd, κi = κq−1
i and

ρi = ρq−1
i .

Our algorithm alternates a few gradient iterations to correct the parameters with a topological derivative
evaluation to update the domains. Once the parameters are corrected, we compute again the topological
derivative to update the domains, and update the current approximation by adding to the previous domain
the points where the topological derivative attains now the largest negative values. Once the approximation
of the domains is improved we perform further gradient iterations to update the parameters and so on. The
algorithm stops when either meas(Ωd \ Ωd−1), |κqi − κq−1

i | + |ρqi − ρq−1
i | and ∥Umeas − Utotal∥ are small, or

J(R2
− \ Ωd, κ

q
i , ρ

q
i ) is small.

When Ω = ∪D
j=1Ωj and the parameters κi, ρi are piecewise constant with values κi,j , ρi,j inside Ωj , the

method can be generalized as follows. Given an approximation Ωd := ∪D′

j=1Ωd,j (D′ is not necessarily equal

to the true number of defects D), the values of the parameters are updated by κqi,j = κq−1
i,j + ηϕqj and ρqi,j =

ρq−1
i,j + ηψq

j with ϕqj = Re
(

1
meas(Ωd,j)

´
Ωd,j

∑L
ℓ=−L ∇usℓ∇psℓ

)
and ψq

j = Re
(

1
meas(Ωd,j)

´
Ωd,j

∑L
ℓ=−L sℓ usℓpsℓ

)
.

Now usℓ and psℓ solve (4) and (7) with Ω = ∪D′

j=1Ωd,j , and thermal parameters κi = κq−1
i,j and ρi = ρq−1

i,j

in Ωd,j . The topological derivative is computed using (6) with usℓ and psℓ defined as above (considering the
current piecewise constant values of the parameters). The values of κi, ρi in R2

− \ Ωd are taken as the initial
guesses κ0i , ρ

0
i .

4 Numerical example

We consider the reconstruction of two inclusions of different sizes located at different depths. To simplify
computations, we assume that the conductivities of the inclusions are known and equal to the exterior one:
κe = κi,1 = κi,2 = 1. In the exterior media ρe = 0.2. The unknowns of the inverse problem (represented in
Fig. 2(a)) are the two defects Ω1 and Ω2 and the values of their densities ρi,1 = 1 and ρi,2 = 2. We generate 7
incident excitations at the sources represented by ‘•’ marks in all the plots in Fig. 2. The temperature is then
measured at the 8 observation points represented by ‘×’ marks at 10 uniformly distributed times in the time
interval [0.05, 0.5]. Data were generated solving the corresponding direct problem using the numerical method
detailed in [3, 8] and adding a 1% gaussian relative error at each observation point.

We start the algorithm setting ρ0i = 0.5 everywhere. The topological derivative (TD) of the functional
J(R2

−, ρ
0
i ) at the sampling region [−3.5, 3.5] × [−2.5, 0] is represented in Fig. 2(b). The regions where the TD

attains large negative values (dark blue colors on the plot) characterize the expected location of the defects.
We observe that all these points are concentrated in the same region, suggesting that only one defect is buried
in the medium. Notice that these points belong to the true defect Ω2, which is the biggest and is closest to
the boundary Π. Furthermore, the true value ρi,2 provides a higher contrast with ρe than ρi,1. The initial
guess for Ω is represented in Fig. 2(c). Now we update the initial value ρ0i,2 = 0.5 by the gradient technique.

After ten iterations we obtained the value ρ10i,2 = 0.9644. In the next step a new TD computation is performed,
yielding the domain represented in Fig. 2(d). The algorithm continues by alternating 10 gradient iterations
with a TD computation. After three TD computations the smaller defect is detected. We take then as initial
guess ρ30i,1 = 0.5 (the superscript 30 means that globally we have already performed 30 gradient iterations,

although they only affect the approximation of ρi,2, which is ρ30i,2 = 1.3313 at this stage). The current domains
are represented in Fig. 2(e). After 9 iterations the algorithm stopped. The final reconstructed objects are
given in Fig. 2(f). The estimated values of the parameters are ρ90i,1 = 0.7292 and ρ90i,2 = 1.8227. The overall
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(a) (b)

(c) (d)

(e) (f)

Figure 2. (a) True configuration. (b) Topological derivative of J(R2
− \ Ω, ρi) with initial values Ω0 = ∅ and

ρ0i = 0.5. (c) Approximate domain Ω1
i,2 (Ω1

i,1 = ∅). (d) Approximate domain Ω2
i,2 (Ω2

i,1 = ∅) and current value

of the parameter ρi,2. (e) Approximate domains Ω4
i,1 and Ω4

i,2 and current values of the parameters. (f) Final
reconstruction after 9 iterations of the algorithm.

reconstruction is quite satisfactory taking into account that few data were available, distorted by noise. It is
also remarkable that we were able to characterize not only the big object, but also the smaller one, which has
less contrast with the exterior and is located further from the observation/source points.
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Abstract: We consider a coefficient inverse problem for a wave-like equation in which the unknown coeffi-
cient represents the refractive index of the medium of interest. A two-stage inverse method, which combines
a globally convergent method and an adaptive finite element method, is proposed for reconstructing the co-
efficient. The key advantage of this two-stage method is that it can provide accurate reconstruction results
without requiring a good initial guess of the coefficient of interest as opposed to conventional optimization
approaches. In particular, we present reconstruction results for blind real experimental data. These results
confirm the feasibility of the proposed algorithm in practical situations.

Keywords: Coefficient inverse problem, globally convergent method, adaptive finite element method, wave-
like equation, experimental data.

1 Introduction

Our aim is the reconstruction of dielectrics from blind backscattered experimental data. The reconstruction is
done from time domain data, as opposed to a more conventional case of frequency domain data. Experimental
data were collected using a microwave scattering facility which was built at the University of North Carolina at
Charlotte. This system sends electromagnetic pulses into the medium and collects the time resolved backscat-
tered data on a part of a plane. The spatially distributed dielectric permittivity function εr(x), x ∈ R3 (the
square of the refractive index) is the unknown coefficient in a Maxwell’s system. This coefficient is recon-
structed from backscattered measured data in blind cases. To do this, an approximate globally convergent
numerical method in combination with an adaptive finite element method is used in a two-stage procedure.
The globally convergent method provides an approximation of the coefficient of interest without requiring a
good first guess. This approximation is then improved by the adaptive finite element method. For more detail,
we refer to the references cited herein.

In our model problem, the electromagnetic wave is approximated by a Cauchy problem for a wave-like
equation [3, 5]

εr(x)D
2
tE2(x, t)−∆E2(x, t) = 0, x ∈ R3, t ∈ (0,∞), (1)

E2(x, 0) = 0, DtE2(x, 0) = δ(x− x0). (2)

where E2(x, t) is the initialized component of the electric field [3, 5]. Here Dt is the derivative operator with
respect to t. Let Ω ⊂ R3 be a convex bounded domain with a piecewise smooth boundary and assume that
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εr(x) is unknown in Ω and εr(x) ≡ 1, x ∈ R3 \Ω. Furthermore, we assume that x0 /∈ Ω̄. Denote by Γ the part
of ∂Ω where the backscattered data is measured. The coefficient inverse problem is aimed at reconstructing
εr(x),x ∈ Ω, given the following boundary data

E2(x, t) = g(x, t),x ∈ Γ, t ∈ (0,∞). (3)

2 The approximately globally convergent method

Using the Laplace transform w(x, s) =
∞́

0

E2(x, t)e
−stdt, for s ≥ s > 0, and defining the function v(x, s) =

ln(w(x, s))/s2, we obtain the following equation:

εr(x) = ∆v(x, s) + 2s2(∇v(x, s))2, x ∈ Ω, s ≥ s. (4)

To eliminate the unknown coefficient εr, we differentiate (4) with respect to s. Define q = Dsv and write

v = V −
´ s
s
q(·, τ)dτ , where V = v(·, s) is the so-called tail function. Functions q and V satisfy the following

integral differential equation

∆q − 2s2∇q ·
s̄ˆ

s

∇q(x, τ)dτ + 2s2∇V · ∇q + 2s

∣∣∣∣∣∣
s̄ˆ

s

∇q(x, τ)dτ

∣∣∣∣∣∣
2

− 4s∇V ·
s̄ˆ

s

∇q(x, τ)dτ + 2s |∇V |2 = 0,x ∈ Ω. (5)

Moreover, q satisfies the boundary condition q(x, s) = φ(x, s),x ∈ Γ with φ(x, s derived from the measured
data g(x, t). The missing boundary data of q on ∂Ω \ Γ is completed using simulated data for homogeneous
medium. Therefore, in the following, we assume that φ is given on the whole boundary ∂Ω.

To solve (5), we consider a partition s = sN < sN−1 < · · · < s0 = s for a chosen interval [s, s], with step
size sn − sn+1 = h, n = 0, 1, . . . , N − 1. We approximate q by piecewise constant function q(·, s) = qn on
[sn+1, sn), for n = 0, 1, . . . , N − 1. We obtain a boundary value problem for a nonlinear system on each
interval [sn+1, sn):

∆qn +An∇Wn · ∇qn = Bn(∇qn)2 + Cn(∇Wn)
2, (6)

qn = φn,x ∈ ∂Ω, (7)

where Wn = V −
n−1∑
k=0

hqk and φn is computed from φ.

The functions q, v, V and εr are iteratively computed from an initial approximation for V , derived from an
approximate asymptotic expansion of V as s→ ∞ [2, 3].

3 The adaptive finite element method

We derive the stabilized Maxwell’s system in a nonmagnetic medium with permeability µ = 1 in the spatial
domain Ω:

MεrE = εrD
2
tE+∇× (∇×E)− s∇(∇ · (εrE)) = 0,

where E = (E1, E2, E3) = E(x, t) is the electric field and s ≥ 1 is a suitably chosen parameter. Boundary
conditions for E are obtained from experimental data and simulations in the same way as in the globally
convergent method. Appropriate initial conditions are supplied.

In this stage, we improve the approximation εr, glob obtained in stage 1 by minimizing the Tikhonov func-
tional:

Φ(εr) =
1

2
∥E−Eobs∥2L2(ST ) +

α

2
∥εr − εr, glob∥2L2(Ω).
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Here, Eobs is the backscattered data on ST = Γ×(0, T ). α > 0 is a regularization parameter. The minimization
is performed via the Lagrangian

L(εr, E, λ) = Φ(εr, E) + (MεrE, λ).

Setting the Fréchet derivative L′(εr, E, λ) = 0 implies that E solves the forward problem weakly and λ solves
an adjoint problem weakly. The gradient ∇L with respect to εr is given by [4]:

∇L(εr,E,λ) = α(εr − εr, glob) +

ˆ T

0

(s(∇ ·E)(∇ · λ)−DtE ·Dtλ)dt. (8)

In numerical computation, E, λ, εr are approximated by Eh, λh, εr, h from finite-dimensional spaces over
triangulations Kh of the domain Ω and Iτ of the time interval (0, T ).

A posteriori error estimates of [1] allows for adaptive mesh refinements. These refinements combined with
gradient based minimization iterations gives the adaptive algorithm [4].

The flowchart of the two-stage algorithm is summarized in Figure 1.

Increase l → l + 1.

Set Vn+1, 0 = Vn, m, qn = qn, m.
Increase n → n + 1,

set m = l = 1.

qn, m, l ≈ qn, m, l−1?
Increase m → m + 1,
set l = 1.

εr, n, m = ∆vn, m + 2s2
n(∇vn, m)2,

compute vn, m = Vn, m − hqn, m −
∑n−1

k=0 hqk,

Set qn, m = qn, m, l,

the right hand side.
V = Vn, m−1, and q = qn, m, l−1 on

Yes

No

Set qn, m, 0 = 0

Compute qn, m, l solving (2) with

No

No
Yes

Yes
Vn, m ≈ Vn, m−1?

n = N or m = 1?

E2, n, m solving (1) with εr = εr, n, m,

and new tail Vn, m via transformation of E2, n, m.

Return εr, glob = εr, n, m.

Set counters

Set q0 = 0.

n = 1 for steps in s,
m = 1 for iterations w. r. t. tail function,

l = 1 for iterations w. r. t. nonlinearity of (2).

Start: Compute initial tail function V1, 0.

Increase l → l + 1.

and initial meshes Kh0
and Iτ0

.
Start: Provide initial approximation εr, glob

by refining Khk
where

large contributions to error

Check error estimator of [1]
and create mesh Khk+1

are predicted.

εr, hk+1, 0 on Khk+1
.

Interpolate εr, hk, l to

Set lk = l, then
increase k → k + 1,
and set l = 0.

‖gk, l‖ small
or ‖εr, hk, m, l‖

stabilized?

Yes No

to forward problem on Khk
, Iτk

with εr = εr, hk, l.

to adjoint problem on Khk
, Iτk

with εr = εr, hk, l and E = Ehk, l.

Compute finite element solution λhk, l

Compute finite element solution Ehk, l

Yes

No Yes

k > 0 and l = 0?

No

If necessary for stability, refine Iτk

to Iτk+1
. Otherwise, set Iτk+1

= Iτk
.

‖gk, l‖ ≥ ‖gk−1, lk‖?

Compute gradient gk, l by (3).

Set counters

k = 0 for mesh refinements,
l = 0 for gradient iterations.

Set εr, h0, 0 = εr, glob.

Return approximate solution εr = εr, hk−1, lk−1
.

for appropriate step size βk, l.
Compute εr, hk, l+1 = εr, hk, l − βk, lgk, l

(a) (b)

Figure 1. Flowcharts for the two stages: (a) the approxiamtely globally convergent method and, (b) the adative
finite element method.

4 Numerical examples

Figures 2–4 show the results of the proposed algorithm for three different objects. The first object (Figure
2) was a wooden block. The second one (Figure 3) was a wooden doll which was empty inside, i.e., it was
an example of heterogeneous objects. These first two objects were placed in air. The third object (Figure 4)
was an empty ceramic mug buried in a sand box. This case modeled buried objects. We emphasize that since
the refractive index of the ceramic mug was smaller than that of the sand, its signal was quite weak which
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(a) (b) (c)

(d) (e) (f)

Figure 2. Reconstruction of a wooden block placed in air. Reconstruction in stage 1: (a) perspective view,
(b) front view. The final mesh (c). Reconstruction in stage 2: (d) perspective view, (e) front view, and (f)
zoomed in. Refractive index: Reconstructed 2.10, measured 2.14. The thin line indicate the true shape.

(a) (b) (c)

(d) (e) (f)

Figure 3. Reconstruction of a wooden doll placed in air. Reconstruction in stage 1: (a) perspective view, (b)
front view. The final mesh (c). Reconstruction in stage 2: (d) perspective view, (e) front view, and (f) zoomed
in. Refractive index: Reconstructed 1.89, measured 1.85. The thin line indicate the true shape.
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made the reconstruction more difficult than the first two objects. In spite of that, we still could accurately
reconstruct it. Note that all these objects were blind to the authors until the reconstruction was completed.

Several numerical results presented in [3, 5, 6] have indicated that the proposed algorithm can work well
even for the very chalenging case of blind real experimental data.

(a) (b)

Figure 4. Reconstruction of a ceramic mug buried in a sand box: (a) reconstruction in stage 1, (b) recon-
struction in stage 2. Refractive index: Reconstructed 1.23, measured 1.39. The thin line indicate the true
shape.
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Abstract: We discuss an inverse problem to detect an inclusion in a homogeneous medium applying the
heat conduction, on which they are several prior researches. We discuss the points to be modified in the
prior researches on this problem in order that they are applied for practice. We also try to give some
modifications.
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1 Introduction

We discuss an inverse problem to detect an inclusion in a homogeneous medium. As an approach to this
problem, the application of the X-ray tomography is being studied. With application of the X-ray tomography,
the following problems are under investigation; non-destructive testing for mixed materials of the two kinds,
non-destructive testing for the fuel tank of the rockets, non-destructive testing for die casting of the aluminium
and so on. The problem of non-destructive testing for mixed materials of the two kinds arose from the
development of the three dimensional CAD system which would enable us to describe the inner structure of
the pillars and the walls in the buildings. In this problem, it is necessary to investigate the internal structure
of the pillars consisted of the steel and the aluminium, which is not clear from their production process. It
seems that it is not difficult to understand the motivation to study the other two examples, which are typical
problems in non-destructive testing. For the time being, the same algorithm as the computerized tomography
(CT) is applied to all of the above examples. Since the objects in these problems are much simpler than the
interior structure of the human body, it is expected to reduce the X-ray data for the reconstruction of the
object. This problem is closely related to the geometric tomography and there are many studies on it both in
the viewpoint of theory and in the viewpoint of application. For example, confer [1, 6, 7] for the results in the
viewpoint of theory and [2, 8, 9, 10] for the studies in the viewpoint of practical application. Unfortunately,
the results mentioned above are not still satisfactory for practical application in view of the following points.

• In the case where we project parallel beams of the X-rays from two directions, we can classify the shapes
of the inclusions into the three classes, one is the uniquely determined ones by these data, another is the
non-uniquely determined ones and the other is the class of the sets which allows no solution with such
data ([6, 7, 8]). In practice, the study the last class has no meaning, since the existence of the solution is
proved by the phenomenon itself. For the class of the uniquely detemined sets, reconstruction formulas
([6, 8]) were given and further studies were developed on the treatment of the errors, the construction
of a reconstruction algorithm and its implementation by computers and so on, which are satisfactory for
practical application ([2, 8]). It was, however, proved that there are very few sets reconstructed by their
two projections ([9]) and it is not known how to find the exact two directions for the reconstruction for
the uniquely reconstructible sets, even if they exist.
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• In most industrial CT devices, cone beams of the X-rays are applied, in view of which we have to develop
the counterpart of the above theory for the cone beams.

• For general inclusions, the exact data of the beams of the X-rays for the reconstruction are not known.
Needless to say their reconstruction methods, treatment of the errors, construction of an approximate
reconstruction algorithm, its implementation by computers and so on.

There are other problems of the use of the X-ray tomography.

(i) The cost of the testing is very expensive if we apply the X-ray tomography.

(ii) We cannot ignore harmful influence of the X-rays on the human body.

In order to solve the problems (i) and (ii), we try another approach. We study to detect an inclusion in a
homogeneous medium applying the heat conduction.

2 Prior researches

In this section, we review the known results on the inverse problems to detect an inclusion in a homoge-
neous medium applying the heat conduction, which are related to our main problem. It was M.Ikehata and
M.Kawashita [3, 4, 5] who first developed the study to detect an inclusion in a homogeneous medium applying
the heat conduction. They studied the following problem.

Problem 1. Let Ω be a bounded domain in Rn, n = 2, 3, with smooth boundary. Let D be an open
subset of Ω with smooth boundary and satisfy that D ⊂ Ω and Ω \ D is connected. We denote the unit
outward normal vectors to ∂Ω and ∂D by the same symbol ν. Let T > 0 be an arbitrary constant. Given
f = f(x, t), (x, t) ∈ ∂Ω × (0, T ), let u = u(x, t) be the solution of the initial boundary value problem for the
heat equation 

∂tu−∆u = 0 in (Ω \D)× (0, T ),

∂νu = 0 on ∂D × (0, T ),

∂νu = f on ∂Ω× (0, T ),

u(x, 0) = 0 in Ω \D.

(1)

In this case, is it possible to reconstruct D by the boundary data u|∂Ω if we suitably control the heat flux
f?

This is an inverse problem to apply “Neumann to Dirichlet” boundary data. In [3], M.Ikehata first studied
one-spatial case, where he investigated the essence of Problem 1. This result was extended by M.Ikehata and
M.Kawashita [4, 5] to the higher spatial dimensional cases. They proved that the convex hull, as well as some
other information, of the inclusion D is reconstructed with the choice of a suitable adjoint solution of the heat
equation. Their theory being very excellent and beautiful as mathematical one, it seems that there are several
points to be modified in view of practical application.

• In practical application, it is not easy give the heat flux as the boundary data. In addition to it, its
observation is not easy, either.

• Though Ikehata-Kawashita controlled the input of the heat (flux) f(x, t) on the whole boundary points
x ∈ ∂Ω, in view of practical application, it is much easier to give only one point source δ(x0)f(t) on a
fixed boundary point x0 ∈ ∂Ω.

3 Main problem

For the solution to the problems mentioned at the end of the last section, we study the following problem.
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Problem 2. Let Ω be a bounded domain in Rn n = 1, 2, 3 with smooth boundary. Let D be an open subset of
Ω with smooth boundary and satisfy that D ⊂ Ω and Ω \D is connected. We denote the unit outward normal
vectors to ∂Ω and ∂D by the same symbol ν. Let T > 0 be an arbitrary constant. Given f = f(t), t ∈ ×(0, T )
and x0 ∈ ∂Ω, let u = u(x, t) be the solution of the initial boundary value problem for the heat equation

∂tu−∆u = δ(x0)f(t) in (Ω \D)× (0, T ),

∂νu = 0 on ∂D × (0, T ),

∂νu = 0 on ∂Ω× (0, T ),

u(x, 0) = 0 in Ω \D.

(2)

In this case, is it possible to reconstruct D by the boundary data u|∂Ω if we suitably control the point heat
source f(t) at x0 ∈ ∂Ω?

It is our main purpose to study Problem 2, the solution of which solves the two problems mentioned at the
end of the last section. As M.Ikehata [3] did, we first study the one-spatial dimensional case, the solution to
which would tell us the essence of the problem. Specifically, we study the following problem.

Problem 3. Let Ω = (0, X), D = (a, b) , 0 < a < b < X and Let u(x, t) be the solution of the following initial
and boundary value problem for the heat equation.

∂tu− ∂2xu = δ(x)f(t) in (0, a)× (0, T ),

∂xu = 0 on {0} × (0, T ),

∂xu = 0 on {a} × (0, T ),

u(x, 0) = 0 for x ∈ (0, a).

(3)

In this case, is it possible to recover a by the boundary data u(0, t) =: g(t) if we suitably control the heat
source f?

In the initial and the boundary value problem (3), an inclusion D = (a, b) is included in a homogeneous
medium Ω = (0, X). We pose an inverse problem to reconstruct the inclusion by observing the boundary data
at x = 0, X with controlling the input heat source at the boundary x = 0, X. This case, it is impossible to
reconstruct some information about the point x = b from the observation at x = 0 and vise versa, that is, it
is also impossible to reconstruct some information about the point x = a from the boundary value at x = X.
Therefore, we posed the Problem 3.

In order to solve Problems 2 and 3, we apply the idea of hyperfunctions to treat the Delta functions on the
boundary ∂Ω. It is a pity that we have to control the heat source f(t) for our solutions to Problems 2 and 3 in
such high temperature that test object would be melt down, which is exactly the same problem as the solution
to Problem 1 by Ikehata-Kawashita. It is the fatal problem left to be solved for the study of this problem to
be applied for practice.

4 Open problems for further development

As was mentioned at the end of the last section, even if the reconstruction formulas for the inclusions are
obtained, the known results on Problems 1,2 and 3 are far from being applied for practice. For the conclusion,
we mention open problems left to be solved for this problems to be applied for practice.

Problem 4.

(i) Let us first remark the most important open problem. In the solutions to Problems 1,2 and 3, the heat
source f to be controlled on the boundary is required to be very high. It must tend to infinity to obtain
the information of the inclusion, which is impossible in practice for the following two reasons. One is
very simple; we cannot give infinitely high heat sources or heat flux. The other is that the object will
be melt down at high temperature. Therefore, we have to develop a method which enables us to detect
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the inclusion without tending the temperature to infinity. For this purpose, we propose two ways to
generalize our main theorems.

• One approach to this problem is to develop another method to extract some information of the
inclusion in the low temperature state.

• The other way is to give suitable error estimates for the limiting processes in the solution to Problems
1,2 and 3, which may be helpful to establish a theory of the approximation of the solution at the
reasonable temperature state.

We claim that both approaches are interesting and are to be studied.

(ii) Even if the above problem is solved, there still are a number of problems left to be solved for prac-
tice; the treatment of the errors, the construction of an approximation algorithm for the inclusions, its
implementation by computers and so on.

(iii) There are many generalization of our approach, the study of which is interesting and important.
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Abstract: In ground-based telescopes, the light coming from the astronomical objects is being distorted
by the turbulent nature of the atmosphere caused by, e.g., changing temperature and wind conditions.
Adaptive Optics (AO) is a technology which allows to compensate for these distortions and to enhance
the resolution of the images. Equipped with the AO correction, large ground-based telescopes are able to
compete with space telescopes with respect to the quality of scientific observations. The AO mechanism is
based on the measurements of the wavefront aberration and produces - via solving the inverse problem -
commands which are applied to deformable mirrors that correct the aberration. In online control systems,
this inverse problem has to be solved up to 3000 times per second. We present results that were obtained
in the Austrian Adaptive Optics project carried out for the European Southern Observatory between 2009
and 2013.

Keywords: adaptive optics, wavefront reconstruction, atmospheric tomography, fast iterative methods

1 Introduction

Images from ground-based telescopes suffer from turbulence in the atmosphere, which leads to serious image
degradation. Powerful adaptive optics (AO) techniques have been developed in the last few decades to remedy
this problem. AO is a hardware-based technique for the correction of the phase of the incoming light which
aims to compensate for rapidly changing optical distortions in the atmosphere by deforming a mirror in real
time.

The correction is based on the reconstruction of the turbulence in the atmosphere from measurements in
the direction of one or several guide stars. A guide star is a bright star in the sky that can be used as a light
source (natural guide star, NGS) or an artificially generated light source using a laser (laser guide star, LGS).
The detector that measures the phase aberrations is called a wavefront sensor (WFS). Due to the rapid changes
in the atmosphere wavefront compensation must be performed in a millisecond time frame.

In the classical AO, also known as single conjugate adaptive optics (SCAO), a single guide star, i.e., a single
light source is observed. The AO system corrects the cumulative effect of the turbulence towards a direction
close to the guide star using a deformable mirror (DM).

In more complex AO modalities, such as the multi object adaptive optics (MOAO) or the multi conjugate
adaptive optics (MCAO), this idea is extended to make it possible for several celestial objects to be observed
simultaneously. These AO capabilities are enabled by utilizing several DMs and several WFSs. The key
ingredient here is the solution of an atmospheric tomography problem, in which the refractive index of the
atmosphere is reconstructed over the region observed by the telescope, i.e., the field of view.

In an atmospheric tomography problem, wavefront sensor measurements are obtained in several guide star
directions, see Figure 1. From these measurements, turbulence layers of the atmosphere are reconstructed. This
problem resembles a limited angle tomography problem. Hence, due to the presence of measurement noise,
regularization methods are vital to obtain a stable solution. The classical approach is to formulate the problem
in the Bayesian setting and to postulate the solution as the maximum a-posteriori (MAP) estimate. The
approach is motivated from the availability of turbulence layer models, such as Kolmogorov or von Karman,
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Figure 1. In an atmospheric tomography problem, turbulence layers are reconstructed from wavefront aberra-
tions measured by WFSs in several directions.

and the statistical information on the distribution of the measurement noise at the sensor. These and other
mathematical challenges in adaptive optics have been comprehensively reviewed by Ellerbroek and Vogel in [1].

Current numerical methods for implementing the MAP estimate are based on direct matrix inversion. These
algorithms, such as the matrix-vector multiplication (MVM) method, scale as O(n2), where n is the dimension
of the data. Due to the steady growth in telescope size and the amount of processed data, there is a strong
increase in the computational load on the system that performs the computation. In combination with the
millisecond time-constraint for the reconstruction, this poses a significant hurdle for AO systems using such
algorithms.

Within the last decade, the research tended more towards iterative methods. In particular, the introduction
of matrix-free approaches helped reduce the asymptotic computational cost to as low as linear complexity, i.e.,
O(n).

In this paper we give a brief overview of several recently developed methods for various AO systems
by the Austrian Adaptive Optics team: CuReD, P-CuReD, Kaczmarz reconstructor and the FEWHA. These
algorithms are very fast, of excellent quality and can provide enormous savings in the computing power required
to reconstruct the wavefront on future AO systems for the European Extremely Large Telescope (E-ELT) of
the European Southern Observatory (ESO).

The paper is organized as follows. In Sections 2 and Section 3, we discuss the methods for wavefront
reconstruction and for atmospheric tomography, respectively. In Section 4, we state a short conclusion.

2 Wavefront reconstruction

In SCAO, a single WFS, which indirectly measures the wavefront aberrations, is used to derive the DM
shape for correction. The process of inferring the wavefront from the WFS measurements is called wavefront
reconstruction.

Various sensors are used in AO, each with their own functionality, advantages and a mathematical model
that relates the wavefront to the measurements. Two commonly used sensors in AO are the Shack-Hartmann
wavefront sensor (SH-WFS) and the pyramid WFS (P-WFS). Below we present two wavefront reconstruction
algorithms for these sensors.
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Cumulative reconstructor for Shack-Hartmann WFS

The Shack-Hartmann wavefront sensor relates the wavefront to the measurements via the average gradients
over the sub-domains, called subapertures,

sij ∝
ˆ
Ωij

∇φ(x, y)d(x, y), (1)

Here, sij ∈ R2 are measurements at subaperture Ωij ⊂ R2 at indices (i, j) and φ(x, y) is the wavefront
aberration at the telescope pupil.

A method, called the cumulative reconstructor (CuRe) has been developed by Zhariy et al. in [2] to recover φ
from a vector of measurements s = (sij) over all subapertures directly. The method is based on the fundamental
relation between a differentiable function and its average gradient.

Later, the method has been successfully adapted to fit more realistic telescope-related problems by Rosen-
steiner in [3] and CuRe with domain decomposition (CuReD) has been introduced in [4]. The CuReD method
is especially effective for large apertures, where noise propagation plays a crucial role.

The method has been demonstrated to produce similar quality results as the MVM in simulated envi-
ronments and optical bench tests and has been successfully tested on a telescope. From the computational
standpoint, the CuReD algorithm scales as O(n), is highly parallelizable and is roughly 140 times faster than
the MVM on a SCAO system in the E-ELT configuration.

Preprocessed cumulative reconstructor for pyramid WFS

A variation of the SCAO system called extreme adaptive optics (XAO) is planned to deliver planet-imaging
performance. Pyramid wavefront sensors allow for a higher contrast of the corrected images as well as a higher
resolution of the wavefronts and are therefore used for XAO systems.

Although the P-WFS model is significantly more complex than that of the SH-WFS, a simple relation
between the two types of measurements has been established, which has led to the development of a preprocessed
CuReD (P-CuReD) method by Shatokhina et al. in [5].

The method is implemented in two steps, where in the first step, the P-WFS measurements are transformed
into SH-WFS-like measurements by means of a convolution with a sparse kernel. In the second step of the
wavefront reconstruction, the CuReD algorithm is applied.

In combination, the two step method delivers the required quality, but what is more important is the
computational advantage of the method over the MVM. As the method scales linearly with the data, the
speed-up factor of P-CuReD over the MVM is 1100 for the XAO system in E-ELT configuration. With this
results, the P-CuReD method brings a complex XAO system into the domain of feasible implementations with
the hardware available today.

3 Atmospheric tomography

The aim of the atmospheric tomography problem is the reconstruction of L turbulence layers ϕ1, ..., ϕL located
at altitudes 0 ≤ h1 < ... < hL, see Figure 1, which we write in a vector form ϕ = (ϕ1, ..., ϕL). The input data
for the tomographic problem are the WFS measurements from G guide star directions, which we denote by
s1, ..., sG. Thus, the tomographic problem can be formulated as the reconstruction of ϕ in

sg = ΓgPgϕ (2)

for g = 1, ..., G, where Γg is the WFS operator, e.g., given by (1), and Pg is a geometric propagation operator
towards a guide star g, which maps layers to wavefronts via

(Pgϕ)(r) =

L∑
ℓ=1

ϕℓ (γgℓr+ θghℓ) . (3)

Here, r = (x, y) is the position at the aperture, θg = (θx, θy) is a direction vector towards the guide star g and
γgℓ is a positive scaling constant related to the guide star type (NGS or LGS) and the altitude of the layer.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

42

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

After the layers have been obtained, the DMs are fit onto the reconstructed layers, by solving a minimization
equation,

argmin
ϕDM

(ˆ
F

∥P̄θϕDM − Pθϕ∥2dθ
)
, (4)

where the unknown ϕDM is a vector of DM shapes at various altitudes and F is set of directions of interest
or the field of view. Here, P̄θ is a propagation operator similar to (3) with respect to the mirror shapes. This
step is referred to as the fitting step.

Kaczmarz reconstructor

The Kaczmarz approach to the atmospheric tomography problem has been introduced by Ramlau and Rosen-
steiner in [6, 7]. The problem (2) is solved in two subsequent steps.

First, the wavefronts are reconstructed in all guide star directions g = 1, ..., G from the measurements.
Depending on the WFS type, this can be done by, e.g., the CuReD or the P-CuReD algorithms for Shack-
Hartmann or pyramid WFS, respectively.

In the second step, the tomographic problem is solved with respect to the reconstructed wavefronts. The
authors use the Kaczmarz algorithm for this step, which is an efficient method in the context of tomographic
problems, and shows a very fast convergence in this particular setting.

The advantage of the sequential splitting of the problem is that the computational effort of each of the
sub-steps is very low. The algorithm can be formulated in a matrix-free way, scales linearly with the data and
is, to a certain degree, parallelizable. Due to the fast convergence of the Kaczmarz algorithm, the reconstructor
meets the computational requirements of several AO systems in the E-ELT configuration and shows a speed-up
over the MVM of up to a factor of 200.

The quality of the algorithm also meets the requirements, however only if the AO systems uses a constellation
of natural guide stars. Complexities brought out by noise associated with laser guide stars diminish the
qualitative performance of this method.

Finite element-wavelet hybrid algorithm

An alternative method is the finite element-wavelet hybrid algorithm (FEWHA), which has been introduced
in [8, 9]. The FEWHA is a conjugate gradient based approach in which the Bayesian MAP estimate of the
turbulence layers of the atmosphere is discretized using a finite element and a wavelet basis simultaneously.
This dual-domain strategy induces a very efficient matrix-free representation of the underlying operators. The
method utilizes the locality properties of compactly supported orthonormal wavelets, both in spatial and
frequency domains.

The convergence of this iterative scheme is accelerated by designing an efficient preconditioner and by
utilizing multi-scale techniques. Altogether, the computational complexity of the FEWHA scales linearly with
the dimension of the problem; the method converges in a few iterations, is highly parallelizable and has a small
memory footprint.

While the tomographic problem in the Kaczmarz method is split into sub-problems, the FEWHA approaches
(2) as a single problem. One of the key advantages of the coupled tomographic approach of the FEWHA is
that it allows to incorporate the statistical information on the measurement noise and the turbulence directly.
This makes the algorithm versatile for different AO systems as it can be applied to configurations utilizing
NGS as well as LGS. The drawback of the coupled approach of the FEWHA is that it is somewhat slower
than the Kaczmarz method. Nevertheless, the method is up to a factor of 50 times faster than the MVM on a
conventional computing system.

4 Conclusion

In this paper we gave a brief overview of four methods developed by the Austrian Adaptive Optics team for the
European Extremely Large Telescope of the ESO. The methods are in line with the quality of the benchmark
methods, and perform significantly faster than the MVM in terms of reconstruction speed. A table summarizing
the computational performance of the methods is given in Table 1.
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Table 1. Algorithms, AO systems, and speed-up compared to the reference method, the MVM, in the E-ELT
configuration.

Algorithm Applicable system Speed-up
CuReD SCAO 140
P-CuReD XAO 1100
Kaczmarz MCAO, MOAO 200
FEWHA MCAO, MOAO 50
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Abstract: We consider an object which changes locally during the scanning in computerized tomography.
Deformations of the specimen lead to inconsistent data. To reduce motion artefacts in the images, the
dynamic behaviour has to be included in the reconstruction method. In 2D, the inversion formula is global,
i.e. the reconstruction at a specific point calls for all data. In the case of local deformations, this especially
means that data from stationary parts of the object are used for the reconstruction of dynamic areas, and
vice versa. This mixture can be avoided by using local algorithms. Thus, within this article, we propose a
local analytic reconstruction method, which is illustrated with numerical examples.

Keywords: Dynamic tomography, local tomography, motion compensation, moving objects, local defor-
mations.

1 Introduction

The data acquisition in computerized tomography is time consuming since the x-ray source has to rotate around
the specimen. Within this article, we consider specimens that change locally during the data acquisition, i.e.
the support Ω ⊂ R2 of the object can be decomposed in a stationary part Ωstat and a dynamic area Ωdyn with
Ωstat ∩ Ωdyn = ∅.

The mathematical model for stationary 2D computerized tomography is given by the Radon transform R.
To determine the attenuation coefficient f of the object from measured data g, the equation Rf = g has to be
solved. The inversion formula for the Radon transform

f(x) =
1

4π

ˆ
S1

(Hg′)(θ, xT θ) dθ, g = Rf

is global due to the presence of the Hilbert transform H [1]. Thus, to reconstruct f at a specific point, all data
are required. For a locally changing object, this means that the reconstruction of the dynamic area Ωdyn calls
even for data of the stationary part Ωstat, and vice versa.

In order to get a local inversion formula in R2, one reconstructs Λf instead of f , leading to the so-called
Lambda-tomography [1]. Formally, the operator Λ is defined as the square root of the Laplacian. The two
functions Λf and f share the same singular support, i.e. they have the same singularities. Thus, Λf yields the
edges of the investigated object.

Within the following sections, we derive an analytic reconstruction algorithm to compensate for local defor-
mations. Therefore, we use the framework of the approximate inverse [2], which has already been successfully
applied in the case of globally deforming objects [3, 4].
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2 The model of dynamic CT

The Radon transform maps a function f ∈ L2(Ω) with Ω being the unit circle to its line integrals

Rf(θ, s) =
ˆ
R2

f(x) δ(s− xT θ) dx, θ ∈ S1, s ∈ [−1, 1],

where δ denotes the delta distribution. Let gθ denote the measured data g for fixed θ ∈ S1. The time-
dependent step of the data acquisition in computerized tomography is the rotation of the x-ray source around
the specimen. Thus, the unit vector θ acts as temporal component, [4, 5]. Within this article, we want to
consider objects which change during this time period.

According to [3], additional information about the object’s deformation are required. Therefore, we consider
a dynamic behaviour where the state of the object at the moment of measuring gθ is given by f ◦ Γθ with
diffeomorphic motion functions Γθ, see also [4].

Then, the mathematical model of dynamic computerized tomography is given by the integral operator

RΓf(θ, s) =

ˆ
f(Γθx) δ(s− xT θ) dx,

i.e. we have to solve the inverse problem
RΓf = g

instead of Rf = g.

3 The method of the approximate inverse

The method of the approximate inverse is a regularization scheme to determine a feature function Lf with
linear operator L from an ill-posed inverse problem

Af = g, (1)

where A : L2(Ω) → L2(Ω̃) is a linear integral operator [6]. If L equals the identity, we obtain an algorithm for
the classical density reconstruction. Due to the ill-posedness of (1), a smoothed version

(Lf)γ(x) := ⟨Lf, δγx⟩ = ⟨f,L∗δγx⟩

with a prescribed mollifier δγx is calculated instead of Lf . Using the precomputed solution ψγ
x of the auxiliary

problem
A∗ψγ

x = L∗δγx ,

we obtain
(Lf)γ(x) = ⟨g, ψγ

x⟩.

The approximate inverse is now defined as follows, [6].

Definition 3.1. The operator Sγ : L2(Ω̃) → L2(Ω),

Sγg(x) = ⟨g, ψγ
x⟩

is called the approximate inverse of A to compute an approximation of Lf , and ψγ
x is called the reconstruction

kernel.

If ψγ
x is compactly supported, only data in a small neighbourhood of x are required for the reconstruction at

point x. Especially, different reconstruction kernels ψγ
x could be applied, depending on x ∈ Ωdyn or x ∈ Ωstat.

Thus, we can use the following reconstruction scheme for local deformations,

Sγg(x) :=

{
⟨g, ψγ,dyn

x ⟩ x ∈ Ωdyn

⟨g, ψγ,stat
x ⟩ x ∈ Ωstat
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with
R∗

Γψ
γ,dyn
x = L∗δγx (2)

and
Rψγ,stat

x = L∗δγx . (3)

In [3, 4], we derived two methods to solve the auxiliary problem (2) in the dynamic case depending on
the type of deformation. If the motion functions Γθ, θ ∈ S1 correspond to affine deformations, the solution
of (2) can be computed analytically based on an exact inversion formula for RΓ [3]. In the case of non-
affine deformations, RΓ integrates a function along arbitrary curves instead of straight lines, and therefore, no
inversion formula is known so far. Thus, we derived a reconstruction procedure which uses the kernel

ψγ,dyn
x (θ, s) = (2

√
1− s2 + α)−1

(
RΓδ̃

γ
x(θ, s) + αψγ,stat

x (θ, s)
)

with parameter α > 0, ψγ,stat
x solving (3) and

δ̃γx(z) :=

(ˆ
S1

|detDΓ−1
θ (z)|dθ

)−1

δγx(z).

The resulting method then compensates even for non-affine deformations [4].
However, the derived kernels ψγ,dyn

x are in general not compactly supported. Thus, we compute in the
following a reconstruction kernel which leads to a local algorithm.

4 Computing suitable reconstruction kernels

The aim of this section is to determine a compactly supported reconstruction kernel for the dynamic problem
with affine deformations. The following lemma states a link between the operators R and RΓ, see also [7, 8]
for a proof.

Lemma 4.1. Let the object’s deformation be described by affine motion functions Γθx := Aθx + bθ with
Aθ ∈ R2×2 and bθ ∈ R2 for all θ ∈ S1.
Then, the dynamic operator RΓ : L2(Ω) → L2(S

1 × R) is related to the static Radon transform R via

RΓ = VR

with

Vg(θ, s) = | detAθ|−1 ∥A−∗
θ θ∥−1 g

(
A−∗

θ θ

∥A−∗
θ θ∥

,
s+ bTθ A

−∗
θ θ

∥A−∗
θ θ∥

)
.

This link can be used to solve the auxiliary problem (2).

Theorem 4.1. Let δγx be a mollifier, and ψγ,stat
x the corresponding reconstruction kernel for the static problem,

i.e.
R∗ψγ,stat

x = L∗δγx .

Then, the reconstruction kernel for the dynamic setting is given by

ψγ,dyn
x (θ, s) = V−∗ψγ,stat

x (θ, s)

= | detAθ| |h(θ)| ∥A−∗
θ θ∥−2 ψγ,stat

x

(
A−∗

θ θ

∥A−∗
θ θ∥

,
s+ bTθ A

−∗
θ θ − xTA−∗

θ θ

∥A−∗
θ θ∥

)
(4)

with h(θ) :=
(
A−∗

θ θ
)
1
· ∂
∂φ

(
A−∗

θ θ
)
2
−
(
A−∗

θ θ
)
2
· ∂
∂φ

(
A−∗

θ θ
)
1
and φ being the phase angle of the unit vector θ.

Proof For ψγ,dyn
x := V−∗ψγ,stat

x , it holds with lemma 4.1

R∗
Γψ

γ,dyn
x = R∗

ΓV−∗ψγ,stat
x (θ, s) = (V−1RΓ)

∗ψγ,stat
x (θ, s) = R∗ψγ,stat

x = L∗δγx .
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Figure 1. Local deformation of the object during the scanning

The representation (4) of the operator V−∗ can be simply verified by computing the adjoint of V∗. �

According to theorem 4.1, a suitable reconstruction kernel for the dynamic problem can be computed based
on a known kernel for the stationary setting. In [9], the authors derived a reconstruction kernel ψγ,stat

Λ,x for
stationary Lambda-tomography

ψγ,stat
Λ,x (θ, s) = υ

(
s− xT θ

γ

)
, υ(s) = −1166167275

1048576
(s2 − 1/23)(1− s2)10. (5)

Altogether, using the kernel ψγ,dyn
x = V−∗ψγ,stat

Λ,x leads to a local reconstruction method which compensates for
affine deformations.

5 Numerical results

The method is tested for a numerical phantom whose objects within the circle V0.4(0) of radius 0.4 around the
origin are rotating, as illustrated in Figure 1. Precisely, the motion model is given by Γθx := Aθx with

Aθ(φ) :=

(
cos φ

3 − sin φ
3

sin φ
3 cos φ

3

)
for φ ∈ [0, π2 ]

and

Aθ(φ) := Aθ(π−φ) for φ ∈ (π2 , π],

where φ is the phase angle of the unit vector θ(φ). The data are computed analytically for 300 different source
positions and 451 detector points. Then, a uniformly distributed noise on [−0.007, 0.007] has been added to
these data. The result of the algorithm using the kernel (5) for stationary Lambda tomography is shown in
Figure 2. The edges of the moving objects are seriously distorted and their true shapes cannot be recognized
from this reconstruction. Especially, this illustrates that the dynamic behaviour has to be taken into account
by the reconstruction method.

Next, we apply the proposed local algorithm to compute an image of the phantom at the initial time. The
result is displayed in Figure 3. Comparing it with the original phantom in Figure 1 shows that the edges of
all objects are reconstructed very well, no matter whether they belong to the stationary or the dynamic area.
Thus, the example proves the good local motion compensation properties of our algorithm.
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Figure 2. Static reconstruction of the phan-
tom from noisy data

Figure 3. Dynamic reconstruction at the
initial time from noisy data
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Abstract: X-Rays Fluorescence Computed Tomography (xfct) is a relatively new technique aiming at
reconstructing the distribution of an element, usually a metal, inside a body. This is achieved by irradiating
the object with high intensity X-rays at a given energy level. This induces emission radiation by the element,
that is counted by an outside detector. The model for the problem is the Generalized Attenuated Radon
Transform (gart), the operator to be inverted. We present a brief overview on recent developments for
the inversion of gart: an analytic formula [11], iterative methods based on Radon inversion [12] as well as
others that consider the Poisson nature of the noise [16].

Keywords: computed tomography, fluorescence, attenuated Radon transform

1 Introduction

This paper presents a brief overview of recent results in X-Rays Fluorescence Computed Tomography (XFCT).
This is a relatively new tomographic technique aiming at determine the distribution of an element (Copper,
Iron, Zinc, Iodine and others) inside a body. This concentration distribution could be used to detect malignancy
in a tissue, determine 3D rock structure in mineralogy as well as many other applications [19]. When the object
is irradiated by high intensity monochromatic synchrotron X rays at a specific energy of a given element, this
stimulates fluorescence emission, that is detected by an external detector, as shown in Figure 1. The X-rays flux
goes through the object and non attenuated photons are detected as in X-rays computed tomography (CT).
These X-rays excitate the element that emits radiation with an energy, in principle, different from the one
of the incoming X-rays. Therefore, the mathematical problem is the inversion of the Generalized Attenuated
Radon Transform (gart) given by

RW : f = f(x) ∈ U 7→ d = d(t, θ) ∈ V, d(t, θ) = RW f(t, θ) =

ˆ
x·ξ=t

f(x)W (x, θ)dx, (1)

where f(x) is the (fluorescence) emission density at x, and W (x, θ) is given by ,

W (x, θ) = ωλ(x, θ)ωµ(x, θ), (2)

where µ is the fluorescence attenuation and λ is the attenuation of the X-rays. ωλ represents the survival
probability of reaching x, ωµ the probability of the radiation from x to reach the detector, and they are defined
respectively by

ωλ(x, θ) = e−Dλ(x,θ+π), ωµ(x, θ) =

ˆ
Γ

e−Dµ(x,θ+γ)dγ and Dh(x, θ) =

ˆ
R
h(x+ qξ⊥)dq (3)
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Figure 1. xfct scanning geometry. EPS

It is worth noting that λ is obtained from the X-rays data by a simple Radon inversion, but µ is unknown,
although, for low energy values, it can be approximated by λ. U and V defined in (1) can be regarded as L2

normed spaces, of compactly supported functions. We use the notation Rxfct or Rspect to distinguish between
the scanning modalities.

Until very recently, most of the results had been obtained just by Radon inversion, without considering any
kind of attenuation, or by weighted Radon inversion [3]. What follows describes two better alternatives: Radon
iteration and analytic inversion through a new formula that generalizes work by A. Fokas [4] and Novikov [5].

2 Iterative Inversion

As noted in the Introduction, the emission attenuation µ is unknown, but for low energies, it is approximately
equal to λ. The new problem to be solved is: Given the data d, find {f, µ} such that RW (µ)f − d = 0. The
following alternate iteration procedure was proposed in [12]:

f (k+1) = L
(
d, f (k), µ(k)

)
, µ(k+1) = N

(
d, f (k+1), µ(k)

)
, (4)

where L stands for an approximate inversion of RW given µ(k) - i.e. the linear part - and N stands for the
non-linear part, e.g., application of (say) Newton‘s method to (1) for f (k+1) given. Retrieving µ through
the algorithm N is the most difficult part of the inverse problem. For the algorithm L, we use two iterative
strategies, described below.

Using Radon inverse

An alternative for the inversion is to use the inverse of the Radon transform and iterate using the residual of
the attenuated one, RW , a common technique in numerical analysis, first suggested for spect by Kunyansky
[9]. In our case this gives for k ∈ N (starting with the image obtained by Radon inverse applied to the data)

f (k+1) = f (k) + e(k), e(k) =
R−1

(
d− RW f (k)

)
a

, a(x) =
1

2π

ˆ 2π

0

W (x, θ)dθ. (5)

where a is a weight that can be defined as in [3] for the case of the attenuated transform for spect. In [14] it
was proven that the contraction constant for the iteration operator is:

Kf =

(
I − 1

a
R−1RW

)
f ⇒ ∥K∥ ≤ c = sup

u∈R2

sup
θ∈[0,2π]

∣∣∣∣1− 1

2∥a∥∞
[W (u, θ) +W (u, θ + π)]

∣∣∣∣ (6)

For an exponential weight, such as spect or xfct, the contraction bound satisfies c < 1, which guarantees
convergence of (5).
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Figure 2. (A) simulated density function f (B) fluorescence attenuation µ (C) transmission attenuation λ
(D) attenuated Radon transform. (E) to ((H): 32× 32 reconstructions with µ = λ and iterations {1, 2, 3, 4, 20}
(left to right). (E) EM and (F) AKT reconstructions for the simulated data (G) EM reconstruction for real
data (Cu sample) (H) AKT for the same data.

Continuous Expectation Maximization (EM)

For the sake of comparison we have tried the EM [16] algorithm in its continuous version, given by the following
iteration :

f (k+1)(x) = f (k)(x)
BW d(k)(x)

BW e(x)
, d(k)(t, θ) =

d(t, θ)

RW f (k)(t, θ)
(7)

where BW is the attenuated backprojection (adjoint operator of RW ), and e = 1.

BW d(x) =

ˆ 2π

0

W (x, θ)d(x · ξ, θ)dθ (8)

Figure 2 shows a 32× 32 representation of functions {f, µ, λ} and the simulated attenuated Radon transform
with 80 projections views and 60 rays per view. The reconstructions are shown in the same Figure. AKT
stands for the iteration using the weighted Radon transform.

3 Analytic Inversion

It follows, a brief description of the rationale leading to an analytic formula for the inversion of RW . Details
could be found in [11]. The tomographic modalities that we are considering can be modeled from a photon
transport equation [8]

η · ∇u(x) + λ(x)u(x) = f(x) (9)

with a scattering term neglected (because we are assuming that the source is monochromatic), u standing
for the energy transport, η the transport direction, λ the linear attenuation coefficient and f the unknown
radioactive source. Except for the case of xfct (which is another partial differential equation), the theory of
Fokas [4] applied to (9) gives the analytic inverse of Rω. In our notation, · denotes the real dot product.

Starting with the simplest case of CT, where λ = 0 and therefore η · ∇u(x) = f(x), the claimed theory,
shows by a spectral analysis of the above PDE, that the solution u is written as u(x) = IηRf(x). Hence, the
unknown source f is determined by f(x) = [η · ∇Iη]Rf(x). Using a radiation condition, it can be shown that
η · ∇Iη → I as ∥η∥ → ∞, meaning that I is a left inverse operator for R. The details for the theory can be
found in [4, 7, 11]. Since many calculations are involved, we show the main steps in the fluxogram of Figure 3,
summarized below:

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

53

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

Riemann-Hilbert

C

z = x · v

Analytic solution:λ 6∈ S
(d)

J = u+ − u−

u−

u+

S

u = u(x, λ)

Plemelj formula

u = IηRf

(e)

u(x, λ) =
1

2πi

Z
S

J (x, q)

q − λ
dq

f(x) = IRf(x)

I = lim
‖η‖→∞

η · ∇Iη

(f)
η ·∇u(x) = f(x)

(a)

η = η(λ) ∈ C2, λ ∈ C

v = v(λ) ∈ C2

d-bar equation
(c)

(η · v)∂zu +

(b)

+(η · v̄)∂z̄u = f

∂z̄u(z) = f(x)
j(λ)

j(λ) = η · v̄, η · v = 0

S = {λ : j 6= 0}

Figure 3. Fluxogram to construct a left inverse
operator for RW in xfct.

Figure 4. Analytic inversion, Cu sample (60× 60
resolution).

(a)-(b) A change of variables z = x · v (and therefore
z̄ = x · v̄) transforms the PDE η · ∇u(x) = f(x) to
(η · v)∂zu(z, z̄) + (η · v̄)∂z̄u(z, z̄) = f(z, z̄).

(b)-(c) Assuming the condition η · v = 0 and (η · v̄) = j(λ)
with j being the Jacobian of the change of vari-
ables x 7→ (z, z̄) we arrive at a d-bar equation that
measures the departure from analiticity of u. Set
S = {λ : j(λ) = 0} ⊆ C stands for the singularity
set. We assume that S determines a closed curve,
dividing the complex plane in two regions S+ and
S−.

(c)-(d) Using the generalized Cauchy integral Theorem [1]
and a radiation condition u = O(1/λ) it can be shown
[4, 7, 11] that the analytic solution for λ ̸∈ S is given
by

u(x, λ) =
sign[j(λ)/2i]

2πi

ˆ
R2

f(y)dy

v(λ) · (y − x)
(10)

(d)-(e) Let u±(x, λ) = lim
ϵ→0

u(x, λ±
ϵ ), with lim

ϵ→0
λ±
ϵ = λ ∈ S

and λ±
ϵ ∈ S±. A jump function J (x, λ) = u+(x, λ)−

u−(x, λ) can be easily computed. Using the Plemelj
formula [4], the solution of the Riemann-Hilbert prob-
lem [1] gives us a sectionaly analytic function u that
has the jump J on the set S. This solution is given
by

u(x, λ) =
1

2πi

ˆ
S

J (x, q)dq

q − λ
. (11)

(e)-(f) It is not straightforward to show that the jump J is
a function that involves the Radon transform Rf [11],
but once that this is true, we denote the integral op-
erator in (11) as Iη , from what follows our notation
u = IηRf and the left inverse operator f = IRf ,
I = R−1.

Using this same approach for a non-null attenuation map λ ∈ U - this is the case of spect, the partial
differential equation (9) also gives us a fluxogram quite similar to the one in Figure 3, although the part (b)
gives rise to a different d-bar equation, which is ∂z̄u+ λ(x)u/j(λ) = f(x)/j(λ). At this point, an Euler factor
can be introduced, decoupling this d-bar equation on two others

∂z̄ (ue
q) =

feq

j(λ)
, ∂z̄q =

λ

j(λ)
(12)

Now, the fluxogram-algorithm can be applied simultaneously at both d-bar equations. Since the computations
involved are very cumbersome, we refer to [11, 4]. It appears to be surprising that now, as for the Radon
transform with λ = 0, the solution u is represented in terms of the attenuated Radon transform of u with a
spect weight, that is u(x) = IηRspectf(x). Here, the operator Iη is not the same as before, although quite
similar. Hence, assuming the radiation condition u = O(1/λ) with λ → ∞, we go back to (9) and find that
the unknown source f is given by f = IRspectf , that is I = R−1

spect, which is Novikov’s inversion.
In the case of xfct, the case is very similar, but with a different partial differential equation. Indeed,

instead of (9) we consider η · ∇u(x) + a(x, η)u(x) = f(x). We decouple the PDE on two d-bar equations like
(12), with λ replaced by a. Using some properties of the vector η = η(λ) with λ approaching S from inside
and outside, we can solve the Riemann-Hilbert problem (see Figure 3). Finally, requiring a to satisfy a given
property, we obtain the following algorithm to compute the left inverse operator R−1

xfct:
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i. Given θ ∈ [0, 2π] and m = γ2 − γ1, define

Lθ(x) = − ln

[
ωµ(x, θ)ωµ(x, θ + π)

m2

]
(13)

ii. Using w(t) =
√
1− t2, compute the sinogram

Rb(t, θ) =

{
RLθ(t,θ)

2w(t)
, |t| < 1

0, |t| = 1
(14)

iii. Set p = Rλ+ Rb

iv. Define H the Hilbert transform and the operator
m : (r, d) ∈ V ×V → m{r, d} ∈ V by:

a) hc(r) = cos( 1
2
Hr), hs(r) = sin( 1

2
Hr)

b) mc{r, d} = hc(r)H
(
hc(r)e

r
2 d

)
c) ms{r, d} = hs(r)H

(
hs(r)e

r
2 d

)
d) m{r, d} = e−

r
2 (mc{r, d}+ms{r, d})

v. Compute the sinogram n(t, θ) = m{p,Rxfctf} using step
iv.

vi. Reconstruct f using

a) z(t, θ) = ω−1
xfct(x(t), θ)n(t, θ) ∈ V

b) f(x) =
1

4π

ˆ 2π

0
∂tz(x · ξ, θ)dθ

It is worth noting that using µ = 0, the above algoritm also includes Novikov’s [17] and Tretiak & Metz
inversion [18]. Indeed, since ωµ = 1, it follows by (13) that L = 0 and Rb = 0, giving Novikov’s formula.

4 Final Remarks

We have presented a brief overview of mathematical work for the inversion in fluorescence computed tomogra-
phy. Further work should be done in order to solve some other important problems in XFCT like, for example:
improving the photon flux by dealing with polychromatic data and faster data collection modes by using several
detectors. In both cases, the mathematical model becomes more complicated introducing new challenges to
obtain useful inversion results. Also, a large set experiments can be found in the references [11, 12, 14, 15, 16].
A public software package for the algorithms is described in [13].
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Abstract: The inverse scattering problem for energy-dependent Schrödinger equations on the half-line is
studied. Under suitable conditions, the corresponding scattering function is shown to determine uniquely
the potentials of the problem, and the reconstruction algorithm is justified. The approach is based on
relations between this scattering problem and the one for non-canonical Dirac and ZS-AKNS systems.

Keywords: Inverse scattering, energy-dependent potential, Schrödinger equation

1 Introduction

The purpose of this paper is to discuss the scattering problem for one-dimensional energy-dependent Schrödinger
equations of the form

−y′′ + qy + 2kpy = k2y (1)

on the half-line and subject to e.g. the Dirichlet boundary condition y(0) = 0; here p and q are real-valued
potentials, with p integrable and q highly singular. When p ≡ 0, this becomes the standard Schrödinger equation
with well understood scattering theory both for regular Faddeev–Marchenko potentials [1, 2, 3, 4, 5, 6] and for
a larger class of distributional potentials. Equations (
refHrynoveq:EDSE) with nonzero p arise naturally in various models of quantum and classical mechanics (e.g.
in Klein–Gordon model of interaction between spinless particles [8, 9, 10, 11]), and the corresponding scattering
problems have been studied since 1970-ies by Jaulent and Jean [12, 13, 14, 15, 16]; see also [17, 18, 19, 20, 21,
22, 23, 24, 25, 26] for later progress. In most of these papers the potentials were assumed regular and to decay
fast enough at infinity, q was real-valued but p took purely imaginary values. An interesting approach for the
case of real-valued p and q was recently suggested by Kamimura [27, 28, 29].

As in the standard case with regular q and p ≡ 0, for real k equation (1) has the so-called Jost solution
f(·, k) uniquely determined by the asymptotics f(x, k) = eikx(1+o(1)) as x→ ∞. Moreover, for nonzero real k
the solutions f(·, k) and f(·, k) are linearly independent, and there is a number S(k) ∈ C such that the solution
f(·, k)−S(k)f(·, k) satisfies the Dirichlet boundary condition y(0) = 0. The function S is called the scattering
function of the problem (1) and is a direct analogue of the scattering function for the classical Schrödinger
scattering problem.

We introduce the Jost function

s(k) := f(0, k), (2)
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in whose terms the scattering function S can be expressed as

S(k) =
s(k)

s(k)
=
f(0, k)

f(0, k)
, k ∈ R. (3)

The Jost solutions exist also for k in the open upper half-plane C+, and the Jost function is analytic in C+

and continuous in the closure C+. In general, the Jost function s may have zeros in C+, but they need not
belong to the imaginary axis. If z0 ∈ C+ is a zero of s, then f(·, z0) is a solution of (1) belonging to the Hilbert
space L2(R+) and satisfying the Dirichlet boundary condition, and in that case z0 is called an eigenvalue, or
bound state of the problem (1). The scattering function S and the eigenvalues together with the corresponding
norming constants form the scattering data of the problem (1) subject to the boundary condition y(0) = 0.
We note that generically the eigenvalues may be non-real and non-simple, which raises the question on the
proper definition of the norming constants and makes the scattering problem very involved. To avoid such
complications and emphasize the new approach to the scattering problem for equation (1), we impose here the
conditions that guarantee absence of the bound states; then the scattering data consists just of the scattering
function S.

The direct scattering problem consists in finding the scattering data for given potentials p and q. The
inverse scattering problem is to construct p and q given the scattering data. Our aim here is to suggest a
very simple reconstructing algorithm and to prove uniqueness in the inverse scattering problem for energy-
dependent Schrödinger equation (1) under the weakest possible regularity assumptions on the potentials p and
q. In a subsequent paper we shall give complete proofs of all the statements and also characterize the set
of scattering functions for a more general class of boundary conditions, thus completing the solution of the
scattering problem for (1).

2 Preliminaries

Miura potentials and their Riccati representatives

We shall consider the case where the potential q admits a Riccati representation given by the Miura map [30].
Recall that the Miura map is the nonlinear mapping B : u 7→ u′+u2 acting from L2

loc(R) to H
−1
loc (R); it relates

the solutions for the KdV and mKdV equations. It is known [31] that a real-valued q ∈ H−1
loc (R) is in the range

of the Miura map, i.e., q = B(u) for a function u ∈ L2
loc(R), if and only if the quadratic form associated with

the Schrödinger operator

− d2

dx2
+ q (4)

is non-negative. We note that u satisfying B(u) = q need not be unique; any such u is called a Riccati
representative for q, and every real-valued q ∈ H−1

loc (R) possessing a Riccati representation q = B(u) is called
a Miura potential.

In this paper, we discuss the scattering problem for equations (
refHrynoveq:EDSE) in which q is a Miura potential possessing a Riccati representative u ∈ X+

2 := L1(R+) ∩
L2(R+). Note that such q may contain Coulomb-type singularities, Dirac delta-functions, or even be unbounded
and rapidly oscillating and contain all Faddeev–Marchenko potentials without bound states [32]. Despite this
fact, the classical scattering theory has recently been extended to the above class of singular Miura potentials,
cf. [32], so that the conditions imposed on u seem natural. Moreover, a Riccati representative u from X+

2 is
necessarily unique, so we may parameterize the potentials q by their Riccati representatives. The reason for
considering q for which (
refHrynoveq:Schroed) is non-negative is that otherwise the spectral problem (1) may possess non-real and
non-simple eigenvalues, and the scattering problem then becomes much more complicated.

Transformation to a ZS-AKNS system

Next we establish relation between solutions to the energy-dependent Schrödinger equation (1) with Miura
potentials q = B(u) and those for some Dirac-type equation. Namely, take any solution y(·, k) of (1) for a
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nonzero k and set y2(·, k) := y(·, k) and

y1(·, k) =
y′2(·, k)− uy2(·, k)

k
; (5)

here u is the unique Riccati representative in X+
2 of the potential q. Then the column vector y(·, k) :=(

y1(·, k), y2(·, k)
)t

satisfies the non-canonical Dirac system

σ2y
′ + P (x)y = ky, (6)

where

σ2 :=

(
0 1
−1 0

)
and P :=

(
0 −u
−u 2p

)
.

The boundary condition for y reads y2(0, k) = 0.

Conversely, if y(·, k) =
(
y1(·, k), y2(·, k)

)t
solves the above Dirac system, then the first component y1

verifies (5), while the second component y := y2 solves the equation

−
( d
dx

+ u
)( d

dx
− u
)
y + 2kpy = k2y,

which coincides with the energy-dependent Schrödinger equation (1) with q = B(u) = u′ + u2.
Hence in order to construct the Jost solutions for the energy-dependent Schrödinger equation with a Miura

potential q = B(u), it suffices to study the Jost solutions for the corresponding Dirac system (6). The simplest
way to do this is to transform this system to a canonical ZS-AKNS form as follows. We set

U :=

(
i −i
1 1

)
, σ3 :=

(
1 0
0 −1

)
and make a substitution y = Ueiγ(x)σ3z with a vector z := (z1, z2)

t and γ(x) :=
´∞
x
p(t) dt. Then the

straightforward calculations show that z satisfies the equation

z′ + V (x)z = ikσ3z (7)

with

V (x) =

(
0 v(x)

v(x) 0

)
(8)

and v(x) := (−u(x) + ip(x))e−2iγ(x). We observe that under the assumption made on p and u the function v
belongs to the space X+

2 . Set β := γ(0) =
´∞
0
p(t) dt; then z should satisfy the boundary condition

eiβz1(0, k) + e−iβz2(0, k) = 0. (9)

Jost solutions

Properties of the Jost solutions for the canonical ZS-AKNS system (7) with v ∈ X+
2 were thoroughly studied

in the papers [32, 33]. Namely, it was proved therein that for every real k ∈ R the equation

Ψ′ + VΨ = ikσ3Ψ

with V of (8) and a complex-valued v ∈ X+
2 has a unique matrix 2 × 2 solution Ψ obeying the asymp-

totics Ψ(x, k) = eikxσ3(1 + o(1)). Tracing back the substitutions made in the previous subsection, we find a
corresponding matrix-valued solution Y (x, k) of the Dirac equation (6); its first column y obeys the asymptotics

y(x, k) =

(
i
1

)
eikx(1 + o(1))

as x → ∞. Recalling that the second component of y = (y1, y2)
t solves the energy-dependent Schrödinger

equation (1), we arrive at the following result:

Theorem 2.1. For every nonzero k ∈ R, the Jost solution y(·, k) of the energy-dependent Schrödinger equa-
tion (1) with a Miura potential q = B(u), u ∈ X+

2 , exists and is unique.
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3 Direct scattering problem

By (3), the scattering function S for the problem (1) and the boundary condition y(0) = 0 is equal to s(k)/s(k),
where the Jost function s of (2) in terms of the Jost solution y of the Dirac system (6) reads s(k) = y2(0, k).
The scattering function S is therefore equal to y2(0, k)/y2(0, k); it is uniquely defined by the requirement that
the function y(·, k)− S(k)y(·, k) is a solution of the system (6) satisfying the boundary condition y2(0) = 0.

In terms of the solution z of (7) introduced above the Jost function s and the scattering function S read

s(k) = eiβw1(0, k) + e−iβw2(0, k),

S(k) =
eiβw1(0, k) + e−iβw2(0, k)

e−iβw1(0, k) + eiβw2(0, k)
.

(10)

In view of [33], the above formula for the scattering function S suggests that it is also a scattering function
for some canonical ZS-AKNS system. It is proved in [33] that the scattering functions for canonical ZS-AKNS
systems (7) with potentials (8) for v ∈ X+

2 and subject to the boundary condition (9) belong to the following
set S2.

Definition 3.1. We say that a function S : R → C belongs to the class S2 if and only if

(1) there are F ∈ L1(R) ∩ L2(R) and δ ∈ [0, π) such that for all k ∈ R it holds

S(k) = e2iδ +

ˆ ∞

−∞
F (ζ)e2ikζ dζ; (11)

(2) the function S is unimodular, i.e. (S(k))−1 = S(k) for all real k;

(3) the winding number W (S) of the function S is equal to zero.

One of the main results of [33] claims that the function S is the scattering function of the problem (7),
(9) corresponding to some (v, β) ∈ X+

2 × [0, π) if and only if S belongs to S2 and the number δ in its integral
representation (11) is equal to β. Moreover, there is an algorithm based on the Marchenko equation that for a
given function S ∈ S2 constructs a ZS-AKNS system (i.e., the function v in the potential V and the number β
in the boundary condition) whose scattering function is this S. As a corollary, we get the following result:

Theorem 3.1. The scattering function S for the problem (1) corresponding to u, p ∈ X+
2 and subject to the

Dirichlet boundary condition belongs to S2.

4 Scattering for energy-dependent Schrödinger equations

The representation (10) of the scattering function for the energy-dependent Schrödinger equation (1) in terms
of the companying Jost solution z of the canonical ZS-AKNS system (7) reveals a close connection to the
scattering functions of the latter.

We parametrise the set of problems (1) by the pairs (u, p) ∈ X+
2 ×X+

2 , with u being the Riccati representative
of the potential q. Then the following uniqueness result holds:

Theorem 4.1. The scattering function S for the problem (1) corresponding to u, p ∈ X+
2 and subject to the

Dirichlet boundary condition determines u and p uniquely.

The crucial observation is that for such an S there is a unique canonical ZS-AKNS equation (7) with
potential V of (8), for which S is its scattering function. This potential V gives a complex-valued function v ∈
X+

2 ; according to the results of subsection
refHrynovssec:transf, our task is to represent this function v as (−u + ip)e−2iγ for some real-valued X+

2 -
functions u and p and with γ(x) :=

´∞
x
p(t) dt. In other words,

−u(x) + ip(x) = v(x)e2iγ(x),
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and, equating the imaginary parts and recalling that p = −γ′, we get the differential equation

γ′ = −(Re v) sin 2γ − (Im v) cos 2γ (12)

for the function γ. By the definition of γ, it should vanish at +∞. Using the Banach fixed point theorem,
one can prove that the above equation has a unique solution vanishing at +∞. This solution gives a unique
p := −γ′ and a unique u := ip(x)− v(x)e2iγ(x) and, therefore, provides a reconstruction algorithm.

We note that the problem of complete characterization of all scattering functions of (1) is much more
difficult. Not every S ∈ S2 is a scattering function for equation (1) subject to the Dirichlet boundary condition;
indeed, to this end the solution γ of (12) and the number δ in the integral representation (11) of S must be
related via δ = γ(0). This and some other related issues will be discussed in detail elsewhere.
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[16] Jaulent M and Jean C 1976 Ann. Inst. H. Poincaré Sect. A (N.S.) 25 119–37
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Abstract: In this paper we aim to further theoretical and computational analysis of the discrepancy
principle (DP) for linear irregular operator equations in Banach spaces. The driving force for this research
was a set of preliminary numerical simulations for estimating the bird-to-human transmission rate in avian
influenza. This inverse problem was cast as a Volterra integral equation of the first kind with noise both in
the kernel and in the right-hand side. Given real data for human cases and poultry outbreaks, we applied a
combination of general and ”problem-oriented” stabilizing procedures in the attempt to obtain consistent
reconstructions. Our experiment with selecting a regularization parameter by a discrepancy-type algorithm
suggested that for a successful application of the DP the structure of a particular regularizing operator
is not important. What is important is a reliable estimate of the overall noise level as well as a certain
measure of how the accuracy and stability are balanced in a specific regularization algorithm. Based on
this observation and the idea outlined by A. Bakushinsky [1, 2], we formulate and prove a convergence
theorem for what we call the abstract discrepancy principle (ADP) that provides a unified approach to
the implementation of the DP for arbitrary family of regularizing operators. In that sense, it generalizes
prior results on the DP for linear ill-posed problems. For a noise-free operator and a special kind of the
discrepancy function, the ADP was justified in [8].

Keywords: epidemiology, regularization, discrepancy principle.

1 Avian Influenza Model and Numerical Results

The study presented in this paper has been motivated by a parameter identification problem arising in epi-
demiology. The goal was to calculate a time-dependent bird-to-human transmission rate of the avian influenza
virus. When it comes to wild birds, this disease is referred to as a low pathogenic avian influenza (LPAI), since
it causes mild symptoms only. Once transmitted to domestic poultry, the virus emerges as highly pathogenic
strain (HPAI). The mortality rate for domestic birds from HPAI of subtype H5N1 may reach 90-100% in 48
hours. Though currently in a zoonotic state, a dangerous mutability of HPAI coupled with nearly 60% in
human death rate (WHO reports 384 deaths out of 648 cases as of December 2013 [11]) point to the need
for a thorough investigation of HPAI-H5N1 models. A more accurate estimate of the transmission rate would
enable government agencies to develop appropriate control strategies and safety measures, and to assess their
effectiveness. For computing the unknown transmission rate, we process monthly data for human cases [11]
and poultry outbreaks [3, 4] over the period from July 2008 until December 2013, and then find a regularized
solution of the underlying inverse problem. As suggested in [10], we analyze the avian influenza dynamics by
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Figure 1. Cumulative human infections
07/08 to 12/13 [11]
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Figure 2. Data for poultry outbreaks
07/08 to 12/13 [3, 4]

using the SI (susceptible-infected) model with a variable transmission parameter. By combining the differen-
tial equation for the susceptible humans, S(t), with the expression for the cumulative number of HPAI-H5N1
human cases, D(t),

dS

dt
= Λ− β(t)Ib(t)S(t)− µS(t) and D(t) =

tˆ

0

β(τ)S(τ)Ib(τ) dτ, t ∈ (0, T ), (1)

we derive the Volterra integral equation of the first kind [7] for the reconstruction of bird-to-human transmission
rate, β(t),

tˆ

0

K(D(τ), τ)β(τ)dτ = D(t), K(D(τ), τ) := S(D(τ), τ)Ib(τ), t ∈ (0, T ), (2)

where S (D(t), t) =
(
S0 − Λ

µ

)
e−µt + Λ

µ − D(t) + µ
t́

0

D(τ)e−µ(t−τ)dτ. The goal of the inverse problem is to

evaluate β(t), given the number of infected birds, Ib(t), the total number of confirmed H5N1 human cases, D(t),
and the constant parameters Λ, µ and S(0). Both, the right-hand side and the kernel are noise contaminated.
The data for D(t) is collected from the WHO web site [11], see Figure 1. For susceptible humans, µ and Λ
are the natural death and birth/recruitment rates respectively. Since data related to humans is given in units
of 105 individuals, human population is set to 70,000 [10]. The average life expectancy is approximately 70
years and t is given in months, therefore µ = 1/(70 ∗ 12) month−1 and Λ = 1000/12 births per month (in
105 individuals) [10]. We assume that initially all humans are susceptible so that S(0) = 70, 000. For model
(2), the number of infected poultry, Ib(t), is required, while FAO reports the total number of outbreaks [3, 4].
Thus, Ib(t) can be computed by estimating the average poultry farm size and multiplying this by the number
of outbreaks. Worldwide farm size varies from hundreds to several thousands in the countries affected by the
H5N1 virus. We take the average worldwide farm size to be 1000 [7], and data related to poultry is converted
to units of 107 (see Figure 2).

In order to approximate the transmission rate stably, we utilize three regularization schemes: two general
(Tikhonov’s [9] and Lavrentiev’s [6]) and one ”problem-oriented” (the local regularization procedure [5]). In
local regularization, the penalty term is extracted from the operator rather than added, and the regularization
parameter stands for the length of the interval where β remains unchanged. Local regularization is particularly
beneficial for Volterra-type equations. For each method employed, we target a relative discrepancy level of
0.005 in order to choose a regularization parameter α. To avoid solving an auxiliary nonlinear equation, we first
pre-estimate α on a coarse (with respect to α) grid so that afterwards 10 − 15 ”small” steps would bring the
discrepancy to 0.005 mark. The last 5 steps of this process are shown in Table 1. It actually took 11 steps for
Tikhonov’s algorithm, 13 for Lavrentiev’s and 12 for the local regularization. The results of these experiments
were notable in that all methods improved the solely discretized solution and produced similar oscillations,
which were expected from the ebb and flow of incidents (Figure 3). There is a significant discontinuity in
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Figure 3. Determining β(t) by various regularization methods 07/08 to 12/13

Table 1. Determination of α by Abstract Discrepancy Principle
Tikhonov Lavrentiev Local

α Discrepancy α Discrepancy α Discrepancy
0.0250 0.0052124 6.20 0.0050954 0.815 0.0051807
0.0245 0.0051593 6.15 0.0050688 0.810 0.0051207
0.0240 0.0051056 6.10 0.0050421 0.805 0.0050608
0.0235 0.0050511 6.05 0.0050153 0.800 0.0050011
0.0230 0.0049959 6.00 0.0049885 0.795 0.0049416

the real data, ascribed to Indonesia’s non-monthly reporting for 2009. As a result, all regularizing algorithms
show a rapid increase in the bird-to-human transmission rate around December 2009 that is not entirely
appropriate. Additionally, in 2013, the data for human infections is more sporadically reported, again resulting
in rapid increases in the transmission rate that may not be entirely justified. The remaining oscillations can be
attributed to seasonality due to temperature fluctuations, environmental changes, and other natural factors.
The consistency of the results achieved when approaching this problem with multiple methods yet maintaining
the same discrepancy level leads us to the formulation of the abstract discrepancy principle.

2 The Abstract Discrepancy Principle

In this section we study a general inverse problem in the form Aβ = f, A : X → Y, on a pair of Banach
spaces X and Y, given an approximate operator Ah, linear, bounded, with a dense range, and an element fδ,
a noise-contaminated right-hand side, satisfying inequalities

||A−Ah|| ≤ h and ||f − fδ|| ≤ δ. (3)

Suppose that A is linear, bounded, and one-to-one, f ∈ R(A), ||f || ̸= 0, and β∗ is the solution of interest. Let
a family of linear bounded operators Rα : L × X → Y, α > 0 generate a regularizing strategy such that

(a) Rα(Ah) is strongly continuous with respect to α;

(b) lim
α→0+

Rα(Ah)Ahβ = β for all β ∈ X , and (4)
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(c) lim
α→ᾱ,h→0

Rα(Ah)Ahβ
∗ = Rᾱ(A)Aβ

∗ for any ᾱ > 0. (5)

Assume that the regularization parameter α = α(δ, fδ, h, Ah) is selected by the abstract discrepancy principle
as a solution to the equation

||Ahβα − fδ|| = ρ(δ, h), (6)

where βα := Rα(Ah)fδ and ρ = ρ(δ, h) < ||fδ|| is an a priori adjusted discrepancy level.

Theorem 1. Under the above assumptions, a parameter α satisfying (6) exists and

lim
δ→0,h→0

||Rα(δ,fδ,h,Ah)(Ah)fδ − β∗|| = 0, (7)

provided the following conditions hold

lim
α→∞

sup
||A−Ah||≤h

||AhRα(Ah)|| = 0, sup
α≥0,||A−Ah||≤h

||I −AhRα(Ah)|| ≤ c <∞, (8)

sup
α≥0,||A−Ah||≤h

||Rα(Ah)|| ||(Ah −AhRα(Ah)Ah)β
∗|| ≤ d <∞, and (9)

ρ(δ, h) > c(δ + h||β∗||), lim
δ→0,h→0

max{δ, h}
ρ(δ, h)− c(δ + h||β∗||)

= 0, lim
δ→0,h→0

ρ(δ, h) = 0. (10)

Proof of Theorem 1. First, we verify solvability of equation (6). From (8) one concludes that limα→∞ ||Ahβα−
fδ|| = ||fδ||. On the other hand, due to the range of Ah being dense in Y, for any ϵ > 0 there is β̃ = β̃(δ, ϵ) ∈ Y
such that ||Ahβ̃ − fδ|| ≤ ϵ

2c . By condition (4) for sufficiently small α, ||Rα(Ah)Ahβ̃ − β̃|| ≤ ϵ
2||Ah|| . Hence

||Ahβα − fδ|| = ||AhRα(Ah)(fδ −Ahβ̃) +Ah(Rα(Ah)Ahβ̃ − β̃ + β̃)− fδ)||

≤ ||AhRα(Ah)− I|| ||fδ −Ahβ̃||+ ||Ah|| ||Rα(Ah)Ahβ̃ − β̃|| ≤ ϵ,

and limα→0+ ||Ahβα−fδ|| = 0. This, combined with the strong continuity of Rα(Ah) with respect to α, implies
that (6) is solvable. Now, we turn our attention to the main part of the theorem and prove relationship (7).
One has

||Rα(δ,fδ,h,Ah)(Ah)fδ − β∗|| ≤ ||Rα(δ,fδ,h,Ah)(Ah)||(δ + h||β∗||) + ||Rα(δ,fδ,h,Ah)(Ah)Ahβ
∗ − β∗||.

Let us check that
lim

δ→0,h→0
||Rα(δ,fδ,h,Ah)(Ah)||(δ + h||β∗||) = 0. (11)

Conditions (3), (6) and (8) yield

||Ahβ
∗ −AhRα(Ah)Ahβ

∗|| ≥ ||AhRα(Ah)fδ − fδ|| − ||I −AhRα(Ah)||{||A−Ah|| ||β∗||+ ||f − fδ||}

≥ ρ(δ, h)− c(h||β∗||+ δ). (12)

From (9) and (12), one arrives at the estimate

||Rα(δ,fδ,h,Ah)(Ah)||(δ + h||β∗||) ≤ d(δ + h||β∗||)/
[
ρ(δ, h)− c(h||β∗||+ δ)

]
.

By (10), this means that relationship (11) is satisfied. In order to show that

lim
δ→0,h→0

||Rα(δ,fδ,h,Ah)(Ah)Ahβ
∗ − β∗|| = 0, (13)

denote α̃ := lim supδ→0,h→0 α(δ, fδ, h, Ah). Suppose α̃ = ∞, and let {δm}, limm→∞ δm = 0, and {hm},
limm→∞ hm = 0, be such that limm→∞ αm = ∞, where αm := α(δm, fδm , hm, Ahm). From (8), one derives

lim
m→∞

||Ahm
βαm

− fδm || ≥ lim
δ→0

||fδ|| · lim
α→∞

(
1− sup

||A−Ah||≤h

||AhRα(Ah)||

)
= ||f ||.
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At the same time, according to (6) limm→∞ ||Ahmβαm − fδm || = limδ→0,h→0 ρ(δ, h) = 0 ̸= ||f ||. This contra-
diction yields α̃ < ∞. If it is actually zero, then (13) follows from (5). Otherwise, 0 < α̃ < ∞. Consider
arbitrary sequences {δn}, limn→∞ δn = 0, and {hn}, limn→∞ hn = 0. If the corresponding sequence {αn},
αn := α(δn, fδn , hn, Ahn), converges then limn→∞ αn = α̂ ≤ α̃. As it follows from (3), (5), and (8)

lim
n→∞

||Ahnβαn − fδn || ≥ lim
α→α̂,h→0

||Ah(Rα(Ah)Ah − I)β∗|| − lim
δ→0,h→0

c(δ + h||β∗||)

and limn→∞ ||Ahnβαn − fδn || = ||A(Rα̂(A)A− I)β∗||, while equation (6) together with (10) imply
limn→∞ ||Ahnβαn − fδn || = limδ→0,h→0 ρ(δ, h) = 0. Thus, ||A(Rα̂(A)A− I)β∗|| = 0 and, since A is one-to-one,
Rα̂Aβ

∗ = β∗. Applying (5) one more time, we get

lim
n→∞

||Rαn(Ahn)Ahβ
∗ − β∗|| = lim

α→α̂,h→0
||Rα(Ah)Ahβ

∗ −Rα̂(A)Aβ
∗|| = 0,

which proves (13). If {αn} is divergent, then (13) still holds. Indeed, assume the opposite:
lim supn→∞ ||Rαn(Ahn)Ahnβ

∗ − β∗|| = η, 0 < η ≤ ∞, and let {αnk
} be such that

limk→∞ ||Rαnk
(Ahnk

)Ahnk
β∗ − β∗|| = η. If one takes {αnkj

}, limj→∞ αnkj
= ᾰ ≤ α̃, then by the above

argument limj→∞ ||Rαnkj
(Ahnkj

)Ahnkj
β∗−β∗|| = 0 < η. This contradiction proves that (13) is fulfilled in that

case as well. This completes the proof.

Remark 2. For equation (2), we have verified conditions of Theorem 1 when X = Y = L2(0, T ). The details
of this analysis will be published in our future notes.
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Abstract: Traction Force Microscopy (TFM) is an inverse method that allows to obtain the stress field
applied by a living cell on the environment on the basis of a pointwise knowledge of the displacement
produced by the cell itself during its migration. This biophysical problem, usually addressed in terms
of Green functions, can be alternatively tackled in a variational framework. In such a case, a suitable
penalty functional has to be minimized. The resulting Euler-Lagrange equations include both the direct
problem based on the linear elasticity operator as well as an equation built on its adjoint. Results from
a two-dimensional model, i.e. where living cancer cells are migrating on a plane substrate, are briefly
presented. While the mathematics is well established also in the three-dimensional case, i.e. where cells are
completely embedded in the gel matrix, the experimental data needed are more difficult to obtain than the
two-dimensional counterpart. First steps towards the complete three-dimensional traction reconstruction
are reported.

Keywords: Traction Force Microscopy, Inverse Problem, Three-dimensional Cell Migration.

1 Introduction

Many living cells have the ability to migrate, both in physiological and pathological conditions; examples include
wound healing, embryonic morphogenesis and the formation of new vessels in tumours. The motility of a cell is
driven by the reorganization of its inner structure, the cytoskeleton, according to a complex machinery. The net
effect of this process is that a cell is able to apply a stress on the environment, pulling the surrounding material
to produce its own movement. Therefore, the determination of forces on the basis of measured displacement,
has become a popular problem in the biophysical community.

The early idea to study the force applied by cells in their migration (so called Traction Force Microscopy,
TFM) on flat substrate as an inverse problem dates back to the work of Harris and coworkers in the 1980s
[6]. Afterwards, Dembo and Wang [4] came up with a new methodology: the living cell is again put on an
elastic substrate and the displacement of fluorescent beads dispersed in such material is evaluated from different
images. Finally, they solve the problem of elasticity in the substrate in terms of Green functions and then
minimize the error between the measured and the calculated displacement under Tichonov regularization.

An alternative approach can be stated in a continuous variational framework [1]. Again, the starting point
is a Tichonov functional defined as the displacement error norm plus a regularization. If a variation of such a
functional is operated, the definition of an adjoint problem for the unknown force naturally arises. By doing
this, two coupled elliptic partial differential equations are obtained and their solution can be approximated,
for instance, using finite element.
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Although that approach is less common than the seminal method based on Green functions, it has some
attractive features that make it worth investigating further: it can be generalized easily to more complex
geometry and material behaviour including non-linearities.

In this work we aim to recall the mathematical structure of the TFM problem. We then present some
results of the well established two-dimensional theory for a living cancer cell migrating on a plane substrate.
Finally, some early data corresponding to an istance of the transmigration of a living cell in a three-dimensional
environment are shown.

2 Mathematical Setting

The Direct Problem of Linear Elasticity

The stationary force balance equations on a linear elastic continuum body Ω ⊂ R3 writes:
−div (A∇u) = 0, in Ω,

(A∇u)n = T , on ΓN,

u = 0, on ΓD.

(1)

where u is the displacement field. The domain Ω represents the gel. The boundaries ΓD,ΓN ⊂ ∂Ω are such
that ΓN ∩ ΓD = ∅, ΓN ∪ ΓD = ∂Ω and n is the unit outward normal of the boundary ∂Ω. On the Neumann
boundary ΓN a load is applied per unit surface (here referred as ’traction’ and denoted with T ) is applied. The
region where the cell and the gel are in contact, say Γc, is a subset of ΓN. The set Γc is indeed the support of
the traction field T . Last, A is the fourth order Hooke elasticity positive tensor.

For notational convenience, we define the solution operator S, as the map that, for a given control T ,
assigns the displacement field u that solves the elasticity problem:

u = ST if and only if u solves (1).

Two–dimensional approximations of the elasticity equation have already been succesfully employed in the
field of TFM [1]. They rely on the existence of suitable averaging operators [8] whose action is denoted by an
overbar (¯). Let us consider Ω being a cylinder with ΓN the upper surface, i.e. the plane of cell migration. In
[1] it is shown that the system (1) can be averaged in the direction orthogonal to ΓN and that gives:{

−div
(
Ā∇ū

)
= T , in ΓN,

ū = 0, on ∂ΓN.
(2)

where Ā denotes the depth-averaged elasticity tensor. Observe that on the ΓN boundary, Dirichlet conditions
apply.

Available Experimental Data

Standard imaging techniques are avaible in order to detect the cell, thus giving the region Γc ⊆ ΓN.
The experimental devices are able to give information on the actual gel displacement field. The position

of small fluorescent beads embedded into the gel can be, indeed, tracked for the case of a plane substrate.
When dealing with a three-dimensional environment, the position of the intersection of the gel fibers can be
similarly obtained. This latter situation represents a novelty from the point of view of data acquisition in TFM
and it is currently under development. In view of the smallness of both the beads and the fiber intersection
area, we are basically dealing with pointwise measurements of the displacement field. That remark justifies
the representation of the observation operator as a list of Dirac mass centered at bead positions. Then, the
observation operator writes O := (δx1 , . . . , δxN

), where xk denotes the position of the bead labeled with the
number k and δxk

is the Dirac mass located at xk.

Biomechanical Constraints

When dealing with applications, the need to include constraints into the model appears. It seems that this
was not explicitly stated in the previous literature on TFM, except [10, 11, 8]. We note, indeed, that
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• since some reasonably accurate images of the cell are avalaible, the support of the traction field T can
be determined, leading to the constraint suppT ⊆ Γc;

• the mechanical balance of the cell requires
´
Γc

T = 0 and
´
Γc

x× T = 0;

In the following, the space of tractions satisfying the above constraints will be called admissible and denoted
with

Fadm := {T : ΓN → Rd |
ˆ
Γc

T = 0,

ˆ
Γc

x× T = 0, T = 0 a.e. on ΓN \ Γc}. (3)

Where d = 2 or 3 depending on the specific application. Note that Fadm is a linear subspace of the space of
tractions [10]. The projection on the space Fadm is denoted by P .

The Inverse Problem

The information provided experimentally to solve the inverse problem, i.e. the pointwise measurements of the
displacement u, are not sufficient to yield a unique traction field T . The problem is therefore underdetermined
and, as customary, we have to enforce a suitable minimization problem to circumvent this drawback.

Tichonov Functional

The Tichonov functional is defined as:

J (T ) =
1

2
∥OST − u0∥2 +

ε

2
∥T ∥2. (4)

Here u0 = (u1
0, . . . ,u

N
0 ) are the known displacements at x1, . . . ,xN respectively. The Tichonov functional

J is the sum of two parts: the first term is the discrepancy between the measured displacement u0 and
the calculated displacement for a given force T (i.e. ST ), evaluated at the beads location (i.e OST ); the
second one is the force magnitude. The two additive contributions are weighted by the positive constant ε, the
regularization parameter.

This traction field T is thus defined as the (unique) minimizer of the Tichonov functional J in the set of
the admissible tractions Fadm. It therefore satisfies:

PJ ′(T ) = εT + P (OS)T (OST − u0) = 0. (5)

Adjoint Equation

Although the stationarity condition (5) is in principle sufficient to define the optimal T , it is convenient to
reformulate the problem in terms of a differential equation. It turns useful to define the adjoint state p as

S−Tp = OT (Ou− u0), (6)

where S is the solution operator and u is the displacement field, as defined in equation (1). Substituting (6)
into (5), we find the relationship between the optimal force T and the adjoint state:

εT + Pp = 0 (7)

The presence of the projection P requires, when solving the problem in practice, the introduction of Lagrange
multipliers as done in [10, 8]. Since it can be shown that S is self adjoint [3], equation (6) can be rewritten in
a more familiar way as follows:

−div(A∇p) = OT (Ou− u0), in Ω,

(A∇p)n = 0, on ΓN,

u = 0, on ΓD.

(8)

The latter equation is specific for the three dimensional problem. It is easy to deduce the adjoint equation
relative to the two-dimensional averaged case (2), which can be found in [1, 8].
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Numerical Approximation

Summarizing, our differential problem in strong form is represented by the system of equations (1) and (8)
supplemented by the definition of the adjoint state (7) and the constraints (3). Well–posedness of the afore-
mentioned system and further details are avaible in [10]. The numerical implementation using Finite Elements
is thus straightforward. The choice of the regularization parameter ε is made by the use of the L-curve method
[5]. A preliminary validation test in the three-dimensional case can be seen in [11].

Our approach differs from [7] where the three dimensional TFM problem is tackled using numerically
approximated Green functions. However, no details are provided on the mathematical well–posedness. Also,
the latter method does not permit to incorporate the biomechanical constraints mentioned here. In addition,
the Green function-based method is proved to be computationally more expensive as compared to ours [11].

3 Applications

The well established tool for evaluating traction forces on a plane substrate [1] has been succesfully applied
when studying the migration of a living cancer cell [2]. In Fig. 1a) a living cancer cell is shown while migrating
on a plane substrate and is tagged with fluorescence. Fig. 1b) shows the corresponding traction map. Relevant
biophysical facts that may be deduced from two-dimensional TFM are detailed in [9].

The more difficult case corresponding to migration in a three-dimensional environment is currently under
study. An image of the cell embedded in a collagen matrix is shown in Fig. 2a). In this case, the displacement
field is measured using an auto-correlation technique and can be reconstructed pointwise. An interpolation
has been required in order to visualize the latter as a colormap on a section plane in Fig.2b), whereas it is not
necessary for the numerical calculations.

(a)

350 Pa

(b)

Figure 1. a) GFP actin fluorescent living cancer cell during migration on a plane substrate; b) Traction map.

The force reconstruction is, therefore, possible since all the ingredients are available. Together with a
discussion of the biological implications of such data, that will be the subject of forthcoming work by our lab.
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(a) (b)

Figure 2. a) A living cancer cell during its migration in a three dimensional collagen gel (confocal microscopy,
z-slices); b) colormap of the magnitude of the displacement field (µm) induced by the cell in the z-plane (in-
terpolated on the whole domain just for visualization).
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Abstract: Cell tracking is of vital importance in many biological studies, hence robust cell tracking
algorithms are needed for inference of dynamic features from (static) in vivo and in vitro experimental
imaging data of cells migrating. In recent years much attention has been focused on the modelling of
cell motility from physical principles and the development of state-of-the art numerical methods for the
simulation of the model equations. Despite this, the vast majority of cell tracking algorithms proposed
to date focus solely on the imaging data itself and do not attempt to incorporate any physical knowledge
on cell migration into the tracking procedure. In this study, we present a mathematical approach for cell
tracking, in which we formulate the cell tracking problem as an inverse problem for fitting a mathematical
model for cell motility to experimental imaging data. The novelty of this approach is that the physics
underlying the model for cell migration is encoded in the tracking algorithm. To illustrate this we focus on
an example of Zebrafish (Danio rerio’s larvae) Neutrophil migration and contrast an ad-hoc approach to
cell tracking based on interpolation with the model fitting approach we propose in this study.

Keywords: cell tracking, optimal control of PDEs, chemotaxis, cell motility

1 Introduction

Cell migration is a fundamental process in cell biology and is tightly linked to many important physiological
and pathological events such as the immune response, wound healing, tissue differentiation, metastasis, em-
bryogenesis, inflammation and tumour invasion [2]. Advances in experimental techniques means that we now
have access to both in vivo and in vitro imaging data of migrating cells. Cell tracking is concerned with the
development of methods to track and analyse dynamic cell shape changes from static imaging data (see for
example [10] for a review), with level set or electrostatic based methods among the most widely used. One fea-
ture of the aforementioned methods is that the trajectories they generate are not physical in nature rather they
are designed with the goal of achieving nice geometric properties, e.g., equidistribution of vertices, smoothness
of the trajectories, etc. On the other hand a major focus of current research is the derivation of mathematical
models for cell migration based physical principles, e.g., [4]. Furthermore, such models appear to show good
qualitative and quantitative agreement with experimental observations of migrating cells. Recently we investi-
gated fitting parameters in such models to experimental imaging data of migrating cells where observations of
both the position of the cells and the concentrations of cell-resident proteins related to motility were available
[3].

In this study we focus on the setting, more prevalent in cell tracking problems, where only the position of the
cell, specifically the cell membrane, at a series of discrete times is available and no further biological information
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is given. To this end, we derive a mathematical model based on physical principles for cell migration and then
formulate an inverse problem, which takes the form of a PDE constrained optimisation problem, for fitting the
model to the experimental observations. To solve the optimisation problem we propose an algorithm based
on previous studies on the optimal control of geometric evolution laws [5]. Finally, we apply the algorithm to
some experimental data on the migration of neutrophils and contrast the results of our approach with a simple
cell tracking algorithm based on interpolation.

Due to space constraints we eschew technical details in the subsequent discussion focussing on the general
idea of our approach and contrasting it with a more standard cell tracking approach in a biological application
of in vivo migration. For further details on the methodology see [1].

2 An optimal control approach to cell tracking

In this section we present a numerical method for cell tracking based on optimal control theory. Our method is
inspired by the work of Haußer et al. [5], who use an optimal control approach to control the shape evolution
of nanoscale islands with electric fields.

As previously stated our approach seeks to fit a mathematical model to experimental data. The model we
consider describes the movement of the cell by proposing an evolution law for the motion of the cell membrane
which we denote by Γt, t ∈ [0, T ], where Γt ⊂ Rn, n = 2, 3 is assumed to be a closed n− 1 dimensional
hypersurface. Given an initial surface Γ0 our model for the evolution law takes the form of mean curvature
with forcing

v⃗(x⃗, t) = −σH(x⃗, t) + η(x⃗, t) + λ(t) x⃗ ∈ Γt, t ∈ (0, T ], (1)

where v⃗ is the normal velocity, H is the sum of the principle curvatures, λ is a spatially uniform forcing term
enforcing volume conservation and the forcing function η drives the movement of the cell. Such models may be
derived by assuming a force balance on the cell membrane where the various force contributions accounted for
are the resistance of the cell membrane to stretching, a hydrostatic pressure that conserves the enclosed volume,
a viscous force opposing the motion and protrusive and retractive forces arising due to actin polymerisation or
myosin mediated contraction (for further information on the derivation of the model and the inclusion of other
forces see [4]).

We now assume we are given some experimental observations of the position of the cell membrane {Γ̂i}i=0,...,N

where N > 0. The idea of the cell tracking algorithm we propose in this study is to find a forcing function
function η such that the solution to the model equations is close (c.f., (3)) to the experimental data. The
initial data for the model is given by the initial experimental observation i.e., Γ0 := Γ̂0. We approximate the
geometric evolution equation with a phase field model (conserved Allen-Cahn with forcing) of the form

ε∂tφ(x⃗, t) = ε∆φ(x⃗, t)− 1

ε
G′(φ(x⃗, t)) + cw(η(x⃗, t) + λ(t)), (2)

for the phase field function φ of the curve with initial condition φ(x⃗, t) = φ0(x⃗) and zero flux boundary
conditions on a rectangular domain Ω in R2. We take G(φ) = 1

4 (φ
2 − 1)2 a double well potential, ε a small

length parameter of the interfacial thickness and cw a scaling constant dependent on the double well potential.
We also approximate the sharp interface observations of the experimental data (Γ̂i’s) with diffuse interfaces
defined on the same domain Ω and using the same value of ε (see [3] for details).

As in [5] we formulate the problem of fitting to the experimental data as the following minimisation problem:
given an initial phase field function φ(x⃗, 0) at time t = 0, and a desired final phase field φdes(x⃗, T ), find a
suitable control function η(x⃗, t) : Ω× [0, T ] → R2 which minimises:

J (φ(x⃗, t), η (x⃗, t)) =
1

2

ˆ
Ω

(φ (x⃗, T )− φdes(x⃗))
2
dx⃗+

γ

2

ˆ T

0

ˆ
Ω

η2(x⃗, t)dx⃗dt (3)

subject to the constraints given by (2), where γ is a positive regularisation parameter. For simplicity we have
assumed N = 1, i.e., we are attempting to fit to a single observation using a previous observation as data.
ϕ(x⃗, 0) and ϕ(x⃗, T ) are the diffuse interface representations of the initial and final data respectively. We adopt
an optimal control approach for the solution of the minimisation problem, formally deriving the first order
necessary conditions and employing a simple gradient update scheme for the control. To solve the forward
equation (2) and the adjoint equation (for efficient computation of the gradient) we employ a finite element
method.
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3 Application to experimental data

To contrast the cell tracking approach proposed above with a more standard algorithm, we apply the optimal
control based algorithm to the problem of tracking in vivo migration of neutrophils in zebrafish larvae and
compare it with an approach based on interpolation. Neutrophil migration as observed in zebrafish larvae
is a popular model to study the cellular inflammatory response mainly due to the transparent nature of the
zebrafish in the developmental stage and the capacity to reproduce in vivo conditions of inflammation similar
to those in humans [9].

Experimental Setup

In the interests of space we only briefly state the details of the experimental setup. For the experimental
methodology and that used to generate and segment the imaging data we refer to [6]. Zebrafish were maintained
according to standard protocols, tail-fin transection was performed at 3 days post fertilisation, then mounted on
melting point agarose, and images were captured using an UltraVIEWVoX spinning disk confocal microscope
(PerkinElmer Life and Analytical Sciences) as previously described [9]. The biological data sets were acquired
from transgenic Tg(mpx:eGFP)i114 zebrafish larvae in which neutrophils specifically express Green Fluorescent
Protein (GFP). We selected eight observations of the migration of a single neutrophil as shown in Figure 1(a).
The observations were obtained in MATLAB format from the open-source software PhagoSight [8]

The biological data sets were acquired from transgenic Tg(mpx:eGFP)i114 zebrafish larvae in which neu-
trophils specifically express Green Fluorescent Protein (GFP). We selected eight observations of the migration
of a single neutrophil as shown in Figure 1(a). The orientation is such that tail-fin (which is the direction of
expected migration) is to the right of the neutrophils.

A simple interpolation based approach to cell tracking

To contrast the optimal control approach with a cell tracking method that is purely geometric in nature (i.e.,
the trajectories are non-physical) we implemented a simple algorithm for cell tracking based on cubic spline
interpolation. Here, following Madzvamuse et al. [7], given experimental observations of the cell membrane we
use cubic splines to generate a series of intermediate cell-surface boundaries with the interpolation chosen such
that the point trajectories are smooth (C2). To do this given two successive observations of the cell membrane
(that consist of a series of points on the cell membrane) we first manually select a single point on the first
surface to be mapped to a specific point on the second surface which uniquely determines the entire mapping
of every point as it is assumed the mapping preserves the connectivity (topology).

Results

In Figure 1 we report on the results of the two tracking algorithms applied to the experimental data. We
see that the cubic spline interpolation algorithm (as expected) and the optimal control based algorithm both
generate centroid trajectories that are significantly smoother than those obtained by linear interpolation of
the cell centroids alone. The usual measures of chemotaxis persistence length, chemotactic indices, maximum
velocities etc. have been computed and exhibit significant variation using the different approaches but are not
reported on due to space constraints. For this example the area of the cell is not conserved in the experimental
data therefore we take the linear interpolant of the area of the experimental data to be the target area and
determine the λ term in (2) such that it (weakly) penalises deviations from this target area (see [3] for details).
In Figure 1(d) we clearly observe good agreement between the target area (green line) and the area of the
cell using the optimal control approach while the area of the cell using the cubic spline interpolation approach
is significantly smaller than the area of the cell away from the end points of the interval. In Figure 1(e) we
plot one example of the optimal control based approach fitting between the fourth and fifth (from the left)
snapshot of Figure 1(a). We observe good agreement between the final position with the computed optimal
control and the experimental data we also above strong contractile forces in the rear of the cell away from the
chemoattractant and strong protrusive forces in the front of the cell that points towards the chemoattractant
(the chemoattractant concentration is expected to increase from left to right).
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(a) 2d experimental data of migrating zebrafish neu-
trophils in vivo
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Figure 1. (a) Experimental data. (b)-(c) Experimental data and centroids computed with the different cell
tracking algorithms. (d) area of the cell, the green line indicates the linear interpolant of the area of the
observations, the blue line the area using cubic spline interpolation and the red line the area using the optimal
control approach. (e) An example of intermediate morphologies obtained with the optimal control algorithm.
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4 Conclusion

In recent years, the rapid development in microscopy and imaging techniques has generated a huge amount of
data on migrating cells in vivo and in vitro. A key challenge is to study from discrete observed snapshots, quan-
tities of interest, such as trajectories of material points on the membrane, velocities and geometric quantities
[3]. In this study we have proposed an alternative to the purely geometric widely used cell tracking approaches
for the estimation of such quantities in which the estimated trajectories correspond to those generated by a
physical model for the evolution and thus may be more physically meaningful than those obtained previously.

While this proof of concept application to experimental data focused on 2-dimensional observations each of
the algorithms is immediately applicable to 3-dimensional data sets. Moreover while we specifically focussed
on the case where minimal information regarding the biology is available, in theory our approach is applicable
to models where more biology is included. In particular models for the dynamics of actin and myosin as well as
other motility related species within the cell and on the membrane may be included and the evolution law may
be modified to take into account the dependence of the movement of the cell on these species, see for example
[4]. We also believe the optimal control/inverse problem approach we present in this study could be a useful
framework within which to investigate other biological questions beyond cell tracking such as the inference of
chemotactic fields during in vivo chemotaxis [6]. Finally we remark that data on the morphology, curvature,
normal velocity, etc., may be easily extracted using the optimal control based approach which may be useful
in applications.
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Abstract: The aim of this paper is to track transmigrating leukocytes via TGV flow estimation. Recent
results have shown the advantages of the nonlinear and higher order terms of TGV regularizers, especially
in static models for denoising and medical reconstruction. We present TGV-based models for flow esti-
mation with the goal to get an exact recovery of simple intracellular and extracellular flows, as well as
its implication on realistic tracking situations for transmigration through barriers. To study and quantify
different pathways of transmigrating leukocytes, we use large scale 4D fluorescence live microscopy data in
vivo.

Keywords: TGV, Optical Flow, Tracking, Leukocytes, Transmigration.

1 Introduction

In the past few years, mathematical reconstruction and analysis of 4D data received great attention. In a
medical context, its meaning for the recognition and control of a huge variety of diseases is outstanding. An
example for the influence of such data analysis is the movement of leukocytes. These cells are part of the
immune system and are largely involved in defeating infectious diseases. Leukocyte transmigration denotes the
process where leukocytes leave the circulatory system through endothelial cells and move towards a damaged
tissue. Nowadays, the process of capturing leukocytes to the endothelial layer is well understood. However,
many aspects of the mechanisms of the transmigration are still unexplored like the fact that leukocytes use
two different pathways for transmigration. These pathways are referred to as transcellular and paracellular. A
leukocyte taking the transcellular pathway moves straight through the body of an endothelial cell. During this
process, it forms a hole into the endothelial cell, which gets closed after the leukocyte has left. If a leukocyte
takes the paracellular pathway, it moves through junctions of endothelial cells. In this case, the hole is not built
into an endothelial cell but into the contact between the cells. Little is known about the mechanical constraints
or the kinetic differences of leukocytes preferring one of the pathways. The usage of 4D data allows us to get
detailed insight into these processes. We use 4D (3D + time) in vivo data of a fluorescence microscope that
shows the leukocytes as well as the endothelial cell contacts. Figure 1 shows a time step of a data set where
the leukocytes are colored in green and the endothelial cell contacts are colored in red.

We analyze the behavior of the leukocytes to detect differences between the two pathways concerning e.g.
movement, velocity and shape. In this way, we try to get more information about the advantages and disad-
vantages of the single pathways and aim at discovering the reasons for a preference in specific situations. Since
we are especially interested in intracellular movement, we use L1 optical flow models with a total generalized
variation (TGV) regularizer. By using a TGV prior it is possible to detect smooth transitions within flow
fields. These transitions approximate realistic intracellular flows better than the piecewise constant parts and
discontinuities that are detected by TV models (staircasing effect). Moreover, the TGV regularizer is still able
to keep sharp discontinuities at flow boundaries related to the contour of leukocytes.
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Figure 1. Blood vessel with leukocytes (green channel) and endothelial cell contacts (red channel).

2 Higher-order regularization for optical flow

The performance of flow estimation is based on the assumption of brightness constancy. If we regard the
brightness f of two consecutive images at a distinct place (x, y) and time t, we assume

∂f

∂t
+
∂f

∂x

dx

dt
+
∂f

∂y

dy

dt

!
= 0 . (1)

We are searching for a vector field u(x, y) =
(
u1 (x, y) , u2(x, y)

)
that satisfies (1), i.e. we want to solve the

inverse problem

Ku = g, (2)

with Ku = ∇f · u and g = −ft.
To approximate a solution, we use a variational model

min
u
J(u) = min

u

{
λD (u, f) +R (u)

}
with a positive regularization parameter λ, a data fidelity term D and a regularization term R. We use an L1
norm for the data term. Thus, from (2) we get

D(u, f) =

ˆ
Ω

|ft + (∇f)T · u|.

A variety of former studies (e.g. [1]) consider total variation (TV) as a regularizer for the optical flow
model, i.e.

R(u) = sup
p∈C∞

0 (Ω;Rn),
∥p∥∞≤1

ˆ
Ω

u div p .

Recently, other imaging topics showed that higher order regularization can have significant advantages for
specific applications [2, 3]. For the case of denoising, Benning et al. [4] show that the TGV regularizer is able
to reconstruct smooth transitions as well as sharp edges. This specialty is a consequence of the combination
of first and second order derivatives in the TGV functional. A TGV regularizer, where β weights first versus
second order components, has the following form:

R(u) = sup
p∈C2

0

(
Ω;Sym2(Rd)

)
,

∥p∥∞≤β,∥∇· p∥∞≤1

ˆ
Ω

u div2p dx .

3 Optimization and numerical realization

We adapt the idea of higher order regularization to perform flow estimation for transmigrating leukocytes. A
primal realization of the TGV functional is given by

R(u) = min
u,v

ˆ
Ω

α1 |∇u− v|+ α0 |∇v| .
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Obviously, ignoring one term results in a primal realization of the TV functional. To take advantage of this
characteristic, we split the functional into a TV equivalent part and a remaining part. Therefore, we introduce
Lagrange multipliers p and q and obtain a saddle point formulation for the overall objective functional J :

min
u∈R2MN ,v∈R2MN

max
p∈P,q∈Q

{
α1 ⟨∇u− v, p⟩+ α0 ⟨∇v, q⟩+ λD(u, f)

}
,

where the model parameters α1 and α0 are related to β, and the convex sets P and Q are given by P = {p ∈
R2MN , ∥p∥∞ ≤ 1} and Q = {q ∈ R2MN , ∥q∥∞ ≤ 1}. To solve this equation, we use a primal-dual algorithm,
which is mainly based on an algorithm of Ranftl et al. [5], who use TGV for a stereo matching problem:

pn+1 = PP

(
pn + τpα1 (∇ūn − v̄n)

)
(3)

qn+1 = PQ

(
qn + τqα0 (∇v̄n)

)
(4)

un+1 = (I + τu∂D)
−1 (

un + τuα1∇ · (pn+1)
)

(5)

vn+1 = vn + τv (α0∇ · qn+1 + α1pn+1) (6)

ūn+1 = 2un+1 − un (7)

v̄n+1 = 2vn+1 − vn (8)

with stability parameters τp, τq, τu, and τv. (3) minimizes the first order dual variable. (4) minimizes the second
order dual variable. (5) minimizes the primal variables. (6) combines the first and the second order derivatives.
(7) and (8) serve as relaxations. By ignoring (4),(5) and (8), and setting v̄ = 0 in (3), this algorithm reduces
to the L1-TV algorithm of Chambolle and Pock [6]. The operators PP and PQ project the variables onto the
sets P and Q:

(
PP (p̂)

)
i,j

=
p̂i,j

max{1, ∥p̂i,j∥}
,
(
PQ(q̂)

)
i,j

=
q̂i,j

max{1, ∥q̂i,j∥}
.

The resolvent operator in (5) evaluated at û = un + τu∇ · (pn+1) is explicitly given by

(I + τu∂D)−1(û) = û+


τu · λ∇f if ft + (∇f)T · û < −τuλ|∇f |2

−τu · λ∇f if ft + (∇f)T · û > τuλ|∇f |2

−
(
ft + (∇f)T · û

) ∇f
|∇f |2 if |ft + (∇f)T · û| ≤ τuλ|∇f |2 .

4 Numerical results

To depict the differences between TV and TGV regularization for optical flow, we compare the results for both
methods with the ground truth result of a 2D synthetic dataset from the IPOL database [7]. Figure 2 clearly
shows the typical staircasing effect for TV regularization. In contrast, the regularization with TGV is able to
approximate smooth transitions instead of piecewise constant parts. Additionally, the borders of the sphere are
still visible in the TGV results. Table 1 verifies that the TGV regularizer reaches improved results compared to
the TV regularizer for the chosen synthetic dataset. Both the average endpoint error and the average angular
error are smaller for TGV.

Figure 3 shows the result of 3D flow estimation with TGV regularization for experimental leukocyte data.
Since the cells are moving fast, we incorporated multiscale steps in the TGV algorithm. Otherwise, the large
distances would prohibit a continuous flow inside a cell. To receive a better relation between regularization
and resolution of the images, we adapted the regularization parameter in each multiscale step. The higher
the resolution of the images the less we regularize. This avoids an enlargement of the influence of small
fragments, especially in regions with only little flow. To utilize the whole 3D space of the data, we extended
the dimension of the introduced algorithm. Similar to the synthetic data, the TGV approximation also achieves
smooth transitions for the intracellular flows, while keeping the sharp edges at the borders of the moving areas.
Moreover, the intracellular effect of transmigration becomes obvious through opposed directions of the vector
field at the region of the barrier.
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(a) Frame 1. (b) Frame 2. (c) Ground truth flow. (d) Ground truth flow.

(e) TV flow estimation. (f) TV flow estimation. (g) TGV flow estimation. (h) TGV flow estimation.

(i) 1D TV flow estimation (j) 1D TGV flow estimation. (k) TV and TGV flow for λ = 15.

Figure 2. Vector field and color coding results for synthetic flows from [7]. The grey horizontal lines in the
color coding results specify the position that was chosen for the 1D plots.

Table 1. Average endpoint error (EPE) and average angular error (AAE) of flow estimations for λ = 15.
EPE AAE

TV 0.1491 pixels 1.3647◦

TGV 0.0916 pixels 1.3512◦

5 Conclusion

Applying TGV to optical flow leads to results, which bear similar characteristics as TGV denoising results.
It is possible to approximate smooth transitions in situations where flow estimation with TV offers piecewise
constant parts. Furthermore, the TGV regularizer keeps discontinuities at flow boundaries similar to TV. Both
characteristics are important to gain information about the intracellular dynamics of migrating leukocytes.
Cells are not expected to have strong edges in intracellular flow. However, cell contours are often related to
the boundary of the real cell flow. Thus, TGV seems to be an adequate regularizer for analyzing leukocyte
behavior.
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(a) Greyscale version of leukocyte channel from Figure 1. Right: overview; left: crop of region of interest
of time frame 1 and frame 2.

(b) 3D TGV flow estimation. (c) 2D slice of 3D TGV flow estimation.

Figure 3. 3D flow estimation with experimental data of transmigrating leukocytes.

The algorithm used in this paper can easily be improved by applying Bregman iterations to overcome a
loss of contrast in the flow components, see [8] for further details. Another possible adaption is to improve the
step sizes by line search. However, in this paper we focused on pointing out the results of applying TGV to a
molecular cell biology problem.
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Abstract: The exploitation of physical information as a prior within the class of Compressive Sensing
(CS) methods is discussed in this paper. More in detail, the formulation of CS inversion algorithms able
to retrieve objects of arbitrary size and geometry is addressed by considering sparseness domains which
are selected starting from the a-priori physical information available on the scattering scenario. A set
of representative numerical examples is reported to assess the features, advantages and drawbacks of the
obtained methodologies.

Keywords: Compressive Sensing, Sparse Reconstruction, Physical Imaging, Wavelets, Total Variation.

1 Motivation

The development of inversion techniques able to properly address or at least mitigate the theoretical issues
associated to imaging problems [1] is an active research topic in several applications including biomedical
diagnostics, non-destructive testing, and subsurface prospecting [2]-[6]. Regularized formulations have been
widely developed in the literature to achieve this goal [5][6].

In this line of reasoning, the Compressive Sensing (CS ) [7]-[9] has been proposed as an effective approach
to regularize inverse problems by means of sparseness constraints, and thus to deduce robust and efficient
imaging strategies in several different contexts [10]-[16]. The success of these approaches is related both to the
efficiency of CS solvers, and to their flexibility [10]-[16]. Indeed, the application of CS paradigm to inverse
problem needs only that (a) the relation between the collected data vector y (e.g., the scattered field) and the
vector of unknowns x (e.g., the target contrast) is linear (i.e., the observation equation is written as y = Ax),
and that (b) x is sparse in a suitable basis. Nevertheless, most microwave imaging CS techniques have been
formulated to effectively handle only “pixel-shaped”’ targets [10]-[16]. Such a limitation is not actually intrinsic
to CS, but it is rather caused by the representation basis chosen for the unknowns, as well as to the domain in
which the sparseness is enforced.

The use of physical information has been recently introduced as a powerful approach to generalize CS
imaging methods and to enable their application in a significant wider set of applicative scenarios. Indeed, the
information on the features of the class of scatterers at hand as well as on the physics of the associated inverse
problem can enable the choice of the most proper basis to expand the unknown properties of x, as well as the
selection of the correct (direct or transformed) space in which to enforce the sparseness prior. This in turn
can guarantee that both (a) and (b) are satisfied in a much wider set of scenarios with respect to pixel-based
scatterers [10]-[16].

This work is then aimed at presenting two innovative imaging methodologies developed within the physical
CS imaging framework. More in detail, the a-priori knowledge on the nature and physics of the electromagnetic
problem (i.e., field behaviour) or of the scatterer at hand (i.e., class of objects) will be exploited to perform
the most proper choice of the expansion basis. Numerical results will be provided to remark the potentialities
and limitations of the arising Physical CS Imaging approaches.
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2 Problem Formulation and CS Physical Imaging Solution

Consider a 2D inverse scattering problem in which V transverse-magnetic time-harmonic waves Ev
inc(r), v =

1, . . . V ,) impinge on an unknown target placed within an investigation domain Ω, whose dielectric properties
are defined by the contrast τ(r) = εr(r) − 1 − jσ(r)/ωε0 where εr(r) and σ(r) are the relative dielectric
permittivity and the electric conductivity, respectively. In this assumption, the First-Order Born Approximated
data equation is

Ev
scatt(r) = −k2

ˆ
Ω

τ(r′)Ev
incg(r, r

′)dr′, r ∈ Σv (1)

where k = ω(ε0µ0)
−1/2 is the wavenumber, Ev

scatt(r) is the scattered field, and g(r, r′) is the Green’s function.
The CS inversion algorithm is aimed at retrieving by discretizing (1) through the following expansion

τ(r) =
N∑

n=1

τnφn(r) (2)

where N is the number of basis functions φn(r), and τn are the associated unknown coefficients. Accordingly,
(1) can be directly written in the CS form y = Ax by using a point matching approach, where x = {τn, n =
1, . . . , N}, y = {Ev

scatt(rm),m = 1, . . . ,M} and A is the observation matrix.
The introduction of physical information within the CS inversion process can be carried out so that either (i)

suitable expansion bases φn(r), n = 1, . . . , N , for the unknowns x are considered, or (ii) an ad-hoc transformed
domain is adopted to enforce sparseness (i.e., instead of enforcing it on r).

As concerns (i), let us firstly recall that the CS formulation of the time-harmonic two-dimensional transverse-
magnetic imaging problem can be found in the Multi-Task Bayesian framework (MTBCS ) [8][10] as xBCS =
arg[maxx(P (y|x)] such that x is sparse, where P (y|x) is the posterior probability of the data, and x is enforced
to be sparse in a Bayesian sense by a proper definition of its prior P (x). Accordingly, the above formulation
can be adopted whatever basis is considered in (2). Standard CS methods [10]-[16] adopt a pixel discretization,
thus enabling the use of the arising method only for pixel-sparse methodologies. However, let us consider the
case in which profiles comprising both “large” and “localized” targets are of interest [e.g., Fig. 1(a)]. In this
scenario, the use of a different expansion functions, for instance belonging to the Haar family [17], should
enable the arising Wavelet-MTBCS (W-MTBCS ) approach to effectively handle the arising imaging problem.

On the other hand, with reference to (ii), the sparseness prior does not necessarily need to be enforced
in the x domain [9]. For instance, the class of targets with piecewise-constant contrast profiles are known to
have a sparse representation in the gradient domain [9]. In such a case, the associated imaging problem can be
mathematically solved according to the Total-Variation Compressive Sensing (TVCS ) paradigm as follows [9]

xBCS = arg{minx [||∇x||1]}s.t.y = Ax (3)

where ||∇x||1 is the L1 -norm of the gradient of the unknowns [9], and (3) can be numerically computed by
means of an Augmented Lagrangian technique [17]

3 Numerical Validation

The first numerical example is concerned with a non-homogeneous profile with τmax = 0.04 [Fig. 1(a)], which
is imaged by the pixel-based MTBCS [Fig.1(b)], the TVCS [Fig.1(c)], and theW-MTBCS [Fig.1(d)] assuming
a signal-to-noise ratio (on the scattered field) equal to SNR=5 [dB].

The retrieved profiles (Fig. 1) remark that theW-MTBCS method is able to exploit the physical information
on the sparseness of the target in the Haar domain, as demonstrated by its imaging accuracy [see Fig. 1(d) vs.
Fig. 1(a)]. On the contrary, the MTBCS reconstruction resembles a cluster of sparse pixels [Fig. 1(b)], while with
the TVCS reconstruction turns out heavily blurred [Fig.1(c)]. These results, which are quantitatively confirmed
by the associated integral errors (Tab. 1), are actually expected by the respective physical information which is
encoded in the three methods. Indeed, the MTBCS (wrongly) expects the target to be faithfully expressed as
a collection of isolated pixels [10], while the TVCS approach incorrectly enforces the sparseness of the profile
gradient (i.e., requests the retrieved contrast to be piecewise constant).
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(a) (b)

(c) (d)

Figure 1. [Inhomogeneous Object, τmax = 0.04 , SNR=5 dB] Actual (a) and retrieved profiles using MTBCS
(b), TVCS (c), and W-MTBCS (d) approaches.

Table 1. [Inhomogeneous Object, τmax =0.04 , SNR=5 dB] Error figures.
Method Total Error Internal Error External Error
MTBCS 5.1× 10−3 2.3× 10−2 0.0
TVCS 3.2× 10−3 5.7× 10−3 2.5× 10−3

W-MTBCS 1.4× 10−3 1.3× 10−3 9.6× 10−4

However, it is worth remarking that no ideal choice exists concerning the selection of the basis to be used
within the CS formulations, and that different approaches can be more or less suitable depending on the
applicative domain. To further clarify this point, the retrieval of a T-shaped target characterized by τmax =
0.05 [Fig. 2(a)] has been considered next.

In this scenario, the piecewise-constant nature of the contrast profile enables the TVCS approach to yield
the most accurate reconstruction [Fig. 2(c)]. On the contrary, both the pixel-based MTBCS [Fig. 2(b)] and
the wavelet-based W-MTBCS [Fig. 2(d)] fail in terms of retrieval accuracy, because of the a-priori physical
information encoded in their solution processes, which turn out incorrect in this case [i.e., the T-shaped scatterer
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(a) (b)

(c) (d)

Figure 2. [T-shaped Object, τmax = 0.05 , SNR=5 dB] Actual (a) and retrieved profiles using MTBCS (b),
TVCS (c), and W-MTBCS (d) approaches.

Table 2. [T-shaped Object, τmax =0.05 , SNR=5 dB] Error figures.
Method Total Error Internal Error External Error
MTBCS 3.0× 10−3 5.6× 10−2 0.0
TVCS 2.6× 10−3 2.1× 10−2 1.8× 10−3

W-MTBCS 3.9× 10−3 3.5× 10−2 2.6× 10−3

is not sparse in the pixel nor in the wavelet domains – Fig. 2(a)]. These considerations are quantitatively
supported by the values of the corresponding integral errors for the three methodologies, which are reported
in Tab. 2, for completeness.

The numerical results reported in Fig 1 and Fig 2 therefore remark the potential impact and effectiveness
of the use of physical a-priori information on the reliability and robustness of CS imaging algorithms, as well
as the flexibility of this paradigm in the solution of complex inverse problems whenever prior information on
the target nature is available.

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

88

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

References

[1] Bertero M and Boccacci P 1998 Introduction to Inverse Problems in Imaging Bristol, UK, IOP
[2] Hagness S, Fear E C, and Massa A 2012 IEEE Antennas Wireless Propag. Lett. 11 1592
[3] Baussard A, Miller E L, and Lesselier D 2004 Inverse Probl. 20 S1
[4] Kharkovsky S and Zoughi R 2007 IEEE Instrum. Meas. Mag. 10 26
[5] Zakaria A and LoVetri J 2011 IEEE Trans. Antennas Propag. 59 3495
[6] Mojabi P and LoVetri J 2009 IEEE Trans. Antennas Propag 57 2658
[7] Candes E J and Wakin M IEEE Signal Process. Mag. 25 21
[8] Ji S, Xue Y, and Carin L 2008 IEEE Trans. Signal Process 56 2346
[9] Li C 2009 An Efficient Algorithm for Total Variation Regularization with Applications to the Single Pixel Camera and

Compressive Sensing Master Thesis, Rice University
[10] Oliveri G, Rocca P, and Massa A 2011 IEEE Trans. Geosci. Remote Sens. 49 3993
[11] Poli L, Oliveri G, Massa A IEEE Trans. Antennas Propag. 60 2865
[12] Oliveri G, Poli L, Rocca P, and Massa A 2012 Opt. Lett. 37 1760
[13] Viani F, Poli L, Oliveri G, Robol F, and Massa A 2013 Microwav. Opt. Technol. Lett. 55 1553
[14] Poli L, Oliveri G, Rocca P, and Massa A 2013 IEEE Trans. Antennas Propag. 61 4722
[15] Poli L, Oliveri G, Rocca P, and Massa A 2013 IEEE Trans. Geosci. Remote Sens. 51 2920
[16] Poli L, Oliveri G, and Massa A 2013 J. Opt. Soc. America A 30 1261
[17] Chui C K 1992 An Introduction to Wavelets San Diego, USA Academic Press

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

89

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

Differential equation based inversion
method for solving inverse scattering
problems

Yu Zhong1, and Xudong Chen2

1Department of Electronics and Photonics, Institute of High Performance Computing, A*STAR, 138632
Singapore.
2Department of Electrical and Computer Engineering, National University of Singapore, 117583 Singapore.

E-mail: zhongyu@ihpc.a-star.edu.sg, and elechenx@nus.edu.sg

Abstract: A new differential equation based inversion method is proposed in this paper, which does not
need to solve any forward problem. The finite difference scheme is used to discretized the Helmholtz
equation, and the twofold subspace-based regularization scheme [2] is applied in the inversion method.
Representative numerical tests are carried out to verify the efficacy of the proposed method.

Keywords: Partial differential equation, inverse scattering, finite difference method

1 Introduction

When dealing with inverse scattering problems, there are usually two types of methods in terms of the equation
used to describe the wave, i.e., the integral equation based method and the differential equation (DE) based
method. The former one has been intensively studied and the forward solver is no longer a necessity in the
inversion, such as in the well-known contrast source inversion (CSI) method [1]. Without the forward solver,
the efficiency of the inversion is increased. However, when using the DE, forward solver is usually needed to
calculate the mismatch between the estimated scattered fields and the measured ones [5], or to calculate the
numerical Green’s function so as to use the integral equation based inversion method [3] [4].

This paper is to present a new inversion method based on DE to solve two-dimensional (2-D) inverse medium
scattering problems, in which there is no forward problem solver or numerical Green’s function. The inversion
method can be considered as the counterpart of the CSI method in the DE frame.

In the proposed inversion method, we use finite difference method to discretize the DE, and we adopt the
alternative optimization scheme used in the CSI method [1] to avoid solving the forward problem. We modify
the alternative optimization scheme such that it can be feasibly applied into the DE frame. We also apply the
FFT type twofold subspace-based regularization technique [2] into the inversion so as to stabilize the solver.

With these new aspects, we can efficiently solve the inverse medium scattering problem using the DE
modeling, and numerical tests verify the interest.

2 The wave equation

The 2-D problem is with some unknown inhomogeneous medium scatterers embedded in a known background
medium with permittivity ϵ0 and permeability µ0. We denote a domain D that includes all the unknown
scatterers, the permittivity of which can be described as ϵ(r).
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Supposing that there areNinc incidences with angular frequency ω illuminating the domainD, the Helmholtz
wave equation about the electric fields of the lth incidence reads as[

∇2 + k2(r)
]
El(r) = 0, (1)

provided that the active sources are outside the domain D, where k(r) = ω
√
ϵ(r)µ0 is the wave number. This

is an equation about the total electric fields, which can be decomposed into two parts, the incident fields Ei
l

and the scattered fields Es
l , the former of which are directly produced by the active sources outside the domain

whereas the latter are generated by the secondary sources induced in the medium scatterers in the domain.
Therefore, one can write another type of Helmholtz equation for the lth incidence as(

∇2 + k20
)
Es

l (r) = −k20χ(r)
(
Es

l (r) + Ei
l(r)

)
, (2)

where k0 = ω
√
ϵ0µ0 is the wave number for the background medium, and the contrast function is χ(r) =

[ϵ(r)− ϵ0] /ϵ0. From Eq. (1) to Eq. (2), we use the fact
(
∇2 + k20

)
Ei

l(r) = 0 for r ∈ D.
The DE is coupled with a boundary condition for the calculation domain as

Es
l (r) =

ˆ
∂D

∂G0(r, r
′)

∂n̂′
Es

l (r
′)−G0(r, r

′)
∂Es

l (r
′)

∂n̂′
dl′, (3)

where n̂ denotes the outward normal direction of the boundary ∂D of domain D. Equation (3) can also be
used to calculate the scattered fields on the measurement domain in the far-field zone.

3 The inversion method

Discretization of the differential equations

In the inversion method, we use finite difference method to discretize the DE. We first discretize the rectangular
calculation domain D intoM×N small cells, in which the contrast are considered to be constant. For scattered
electric fields, we assume they are linearly changing from cell to cell, and the scattered fields at the centers of
these small cells are denoted as Es

l;m,n with 1 ≤ m ≤M and 1 ≤ n ≤ N . We also assume that in those cells on
the boundary, the contrast there are zeros, meaning that there is no scatterer there. Due to the finite difference
algorithm, we need to extend the computational domain to −x, +x, −y, and +y direction with one additional
cells, the electric fields in the center of these cells are denoted as Es

l;m,n with m = 0 or M + 1, n = 1, . . . , N ,
or m = 1, . . . ,M, n = 0 or N + 1. With these preparation, one can apply the difference operator on to the
scattered fields as

Pl;m,n ≡
(
∇2Es

)
l;m,n

=
Es

l;m+1,n + Es
l;m−1,n − 2Es

l;m,n

∆x2
+
Es

l;m,n+1 + Es
l;m,n−1 − 2Es

l;m,n

∆y2
, (4)

for m ∈ [1,M ] and n ∈ [1, N ], where ∆x and ∆y are the diminsion of the small cells along x and y directions.
With such a discretization, the integral path in Eq. (3) now can be chosen as the outer boundaries (referring

to the domain D) of cells with indexes m = 1, m =M , n = 1, and n = N . For scattered fields in the integrand
of the boundary condition Eq. (3), we use the fields on both sides of the boundary to approximate them, such
as (Es

l;0,n + Es
l;1,n)/2 with n ∈ [1, N ] on one of the boundary. For the normal derivative of the field, we apply

the finite difference rule, such as (Es
l;0,n − Es

l;1,n)/∆x with n ∈ [1, N ] on one of the boundary. If we place the
observation point of the Eq. (3) on the centers of the extended cells, meaning that the left hand side of the
equation are fields on the centers of those extended cells, then we obtain the relation between the scattered
fields on the inner side of the boundary and those on the outer side, which can be written as

Ēse
l = ¯̄η · Ē

se
l + Ēsb′

l

2
− ¯̄A ·

[ ¯̄I2M/∆y
¯̄0

¯̄0 ¯̄I2M/∆x

]
·
(
Ēse

l − Ēsb′
l

)
, (5)

where Ēse
l is a vector storing the scattered fields on the extended cells, and Ēsb′

l storing the scattered fields on
the cells on the inner side of the boundary in the domain. The arrangement of these fields is

Ēsb′
l =

[
Es

l;1,1, . . . , E
s
l;M,1, E

s
l;1,N , . . . , E

s
l;M,N , E

s
l;1,1, . . . , E

s
l;1,N , E

s
l;M,1, . . . , E

s
l;M,N

]T
, and the elements in Ēse

l
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are arranged accordingly. ¯̄η is the matrix operator with elements of the normal derivative of the Green’s
function in Eq. (3), and ¯̄A is with elements of the Green’s function itself. With the help of Eq. (5), the
scattered fields on those extended cells can be represented by the scattered fields on the cells on the inner side
of the boundary, meaning that the unknown field variables now only consist of those in the domain D.

To efficiently record the scattered fields on the boundaries, we use another variable Ēsb
l to store them so as

to remove the 4 repeating elements in Ēsb′
l , which can be obtained by Ēsb′

l = ¯̄T · Ēsb
l . Besides, from Eq. (5)

and (3), one can write the scattered fields on the measurement domain as

Ēsm
l = ¯̄GS · Ēsb

l , with ¯̄GS =

[(
1

2
¯̄ηS − ¯̄BS

)
· ¯̄Q+

(
1

2
¯̄ηS + ¯̄BS

)]
· ¯̄T, (6)

where ¯̄ηS is the same operator as ¯̄η but with the observation points in the measurement domain instead of

cells on the boundary (so does for ¯̄AS),
¯̄BS = ¯̄AS ·diag

[
¯̄I2M/∆y,

¯̄I2M/∆x
]
, and ¯̄Q =

(
¯̄I2M+2N − 0.5¯̄η + ¯̄B

)−1

·(
0.5¯̄η + ¯̄B

)
with ¯̄B = ¯̄A · diag

[
¯̄I2M/∆y,

¯̄I2M/∆x
]
and ¯̄I2M+2N the 2M + 2N dimensional identity matrix.

Since the measurement of the scattered fields is in the far-field zone, the scattering operator ¯̄GS is compact.
As what we have been doing in the integral equation based method in [2], we can determine part of the scattered

fields on the boundary by using the singular value decomposition (SVD) of the scattering operator ¯̄GS, and
the remaining part of the scattered fields on the boundary are to be optimized within a field subspace. To
do so, we have ¯̄GS =

∑
j ūjσj v̄

∗
j from the SVD (the superscript ∗ denotes the complex conjugate transpose

operation), and the deterministic part and the ambiguous part of the scattered field on the boundary can be
expressed as

Ēsbd
l =

∑
σj≥σL

v̄j
ū∗j · Esm

l

σj
, and Ēsba

l =

 ¯̄I2(M+N)−4 −
∑

σj≥σL

v̄j v̄
∗
j

 · ᾱl, (7)

where σL is a chosen singular value that is large enough such that the subspaces with singular values larger
than it are barely compromised by the noise in Esm

l [2], ¯̄I2(M+N)−4 is a 2(M + N) − 4 dimensional identity
matrix, and ᾱl is a 2(M +N)−4 dimensional unknown vector, which is to be optimized through the inversion.

The DE-based inversion method

Without solving any forward problem, the new inversion method adopts the alternative optimization scheme
as used in [1] and [2], where the scattered fields and the contrast function are considered as unknowns and are
alternatively optimized.

First we denote that the scattered fields as a two-dimensional M × N tensor for the lth incidence as ¯̄Es
l

with its elements Es
l;m,n, 1 ≤ m ≤ M and 1 ≤ n ≤ N . So do ¯̄Ei

l and ¯̄Pl. For each incidence, part of the
scattered fields on the boundary cells are known as analyzed in the previous subsection, and the remaining
cells are totally unknown, which we denote as ¯̄Esi

l . Then the scattered field tensor is a function of ¯̄Esi
l and ᾱl,

i.e., ¯̄Es
l

(
¯̄Esi
l , ᾱl

)
.

Given such a discretization and notations, we can construct the objective function for the inversion with
the Helmholtz equation Eq. (2) as

f
(
¯̄Esi
1 , . . . ,

¯̄Esi
Ninc

, ᾱ1, . . . , ᾱNinc , ¯̄χ
)

=
∑Ninc

l=1 ∆Helm
[
¯̄Es
l

(
¯̄Esi
l , ᾱl

)
, ¯̄χ
]
/
∥∥∥k20 ¯̄Ei

l

∥∥∥2 +∆fie (ᾱl) /
∥∥Ēsm

l

∥∥2 , (8)

where ∆fie (ᾱl) =
∥∥∥Ēsm

l − ¯̄GS ·
[
Ēsba

l (ᾱl) + Ēsbd
l

]∥∥∥2 and

∆Helm
[
¯̄Es
l

(
¯̄Esi
l , ᾱl

)
, ¯̄χ
]

=
∥∥∥ ¯̄Pl

(
¯̄Esi
l , ᾱl

)
+ k20

¯̄Es
l

(
¯̄Esi
l , ᾱl

)
+ ¯̄χ⊗

[
k20

¯̄Ei
l + k20

¯̄Es
l

(
¯̄Esi
l , ᾱl

)]∥∥∥2 , (9)

where ⊗ denotes the element-wise multiplication.
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Figure 1. Reconstructed results for Austria type
scatterers with ϵr = 2. The first and the second col-
umn are the real parts and imaginary part, respec-
tively, of the reconstructed results.
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Figure 2. Reconstructed results for Austria type
scatterers with ϵr = 2.2. The first and the second
column are the real parts and imaginary part, respec-
tively, of the reconstructed results.

As in the integral equation based method [2], the scattered fields and the contrast function are alternatively

optimized in every iteration of the inversion. That is to say, when optimizing the scattered fields ( ¯̄Esi
l and ᾱl),

the contrast function ( ¯̄χ) is considered to be known, and likewise for the contrast function. The update of the
scattered fields uses the Polak-Ribière conjugate gradient method [1], and the detail is omitted here for the
sake of conciseness. Since we are using the DE to describe the field behaviors, the scope of such description is
a local one, i.e., there is no long distance interaction as those by the Green’s function in the integral equation
method. Therefore, when updating the scattered fields, we will increase the number of iterations of the CG
algorithm in every inversion iteration, such that the fields can be updated in a large domain instead of the
local updating. The number of the CG iteration should be at the level of the largest number of small cells in
one direction.

Besides, we apply the FFT type twofold subspace-based regularization scheme [2] into the method, and
the key to do so is to filter out the high frequency components of the induced secondary sources, which is the
right hand side of the Eq. (2). This is accomplished when calculating the residue of the DE before every CG
iteration to update the scattered fields.

Similarly as given in the integral equation based inversion method [2], the contrast function ¯̄χ is updated
by a least squares solution in every iteration of the optimization, which is

χm,n =

∑
l

[
−k20

(
Ei

l;m,n + Es
l;m,n

)]∗ [
Pl;m,n + k20E

s
l;m,n

]
∑

l

∣∣∣−k20 (Ei
l;m,n + Es

l;m,n

)∣∣∣2 . (10)

This means that in each iteration of the inversion, there are a number of iterations of CG method for the
update of the scattered fields, and after the update of the scattered fields, there is a least squares type update
for the contrast function.

4 Numerical tests

In this section, we will repeat the test given in [2] with the well-known Austria profile. All the physical setup
can be found in [2]. All synthetic data are added with additive white Gaussian noise at level of 10%. In the test,
the domain is discritized into 60×60 meshes, and L = 15. The termination conditions are set to be δ2D = 10−4

for the first round optimization with smaller MF, and δ2D = 10−5 for the second round optimization with
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larger MF (the definition of this parameter can be found in [2]). The number of CG iterations is chosen 50 in
every iteration of the inversion to update the fields.

We first use the standard Austria profile to verify the proposed inversion method. The inversion results
show in Fig. 1, from which we see that the inversion successfully reconstruct the scatterer profile after 100
iterations with MF chosen as 5 and 10. Then we test the proposed inversion method with an Austria profile
with relative permittivity ϵr = 2.2. The nonlinearity of the problem for such a scatterer is larger compared to
the one in the first case, and we are not able to reconstruct the correct profile by using the inversion method
(integral equation based one) proposed in [2]. Using the proposed DE based method, the results after 184
iterations with MF = 5 and 10 are shown in Fig. 2, where we find quite satisfactory reconstruction.

5 Conclusion

In this paper, we propose a new inversion method based on the differential equation. Using the alternative
optimization scheme as in the integral equation based inversion method, there is no need to solve the forward
problem in the inversion. The proposed inversion method is fully within the differential equation method
frame, and therefore there is no numerical Green’s function involved. The FFT type twofold subspace-based
regularization technique is applied into the inversion to stabilized the solver. Numerical tests verify the interest
of the proposed method. Such a method provides another option to efficiently handle inverse medium scattering
problems, especially when the background medium in the domain of interest is not a homogeneous one.
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Abstract: We introduce a qualitative method capable of imaging defects in an unknown complex environ-
ment using differential measurements. The main difficulty is that the background medium is unknown and
too complex to obtain a reliable estimate of the associated Green function. To overcome this difficulty our
approach exploits two measurements of the farfield operators, one without defects and one with defects.
The analysis of our method relies on the recently introduced Generalized Linear Sampling Methods (GLSM)
and the link to the solutions of the interior transmission problems. We give numerical examples related to
non destructive testing in concrete-like materials, illustrating the performance of our method.

Keywords: Inverse scattering, Sampling methods, differential measurement

1 Introduction

We are interested in the imaging of defects inside unknown heterogeneous medium from multistatic measure-
ments of waves at a fixed frenquency. The main difficulty of our setting is that the background medium is
unknown and complex, which means that one cannot obtain a good estimate for the background Green func-
tion. This discards the possibility of using classical (qualitative) imaging methods [2]. We assume that two
sets of measurements, one for the defect free and one for the defect containing medium, are at our disposal
and we design a numerical inversion algorithm that exploits those supplementary data to visualize the defect
location. The analysis of our method relies on the GLSM and the link it has with the solution to the interior
transmission problems (see [4] and [5]). Ones ends up with an indicator function that combines the indicator
functions from the GLSM and a filtered difference term computed without additional significant numerical
cost. We shall briefly introduce the scattering problem by a heterogeneous medium and the needed notations
in Section 2. In Section 3 we review the main theoretical results of [5]. We give in Section 4 some numerical
experiments on concrete like materials, illustrating the performance of our method.

2 Scattering by an inhomogeneous medium

We restrict ourselves to the case of scalar time harmonic waves and we focus on full aperture farfield mea-
surements associated to incident plane waves. For a wave number k > 0, the total field solves the Helmholtz
equation:

∆u+ k2nu = 0 in Rd

for d = 2 or 3 and n the refractive index, where ℑ(n) ≥ 0. We denote by D̄ the support of n− 1 and assume
that D is a bounded domain with Lipschitz boundary and connected complement. We are interested by the
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case where u is generated by an incident plane wave, ui(θ, x) := eikx·θ for x ∈ Rd and θ ∈ Sd−1. We also
introduce the scattered field us defined by:

us(θ, ·) := u− ui(θ, ·) in Rd,

lim
r→∞

´
|x|=r

∣∣∂us

∂r − ikus
∣∣2 ds = 0.

(1)

We introduce the farfield u∞(θ, x̂) defined through the following expansion: us(θ, x) = eik|x|

|x|(d−1)/2 (u
∞(θ, x̂)+

O(1/|x|)) for |x| → ∞ and for all (θ, x̂) ∈ Sd−1 × Sd−1.
Leading to the farfield operator:

Fg(x̂) :=

ˆ
Sd−1

u∞(θ, x̂)g(θ)ds(θ).

It is well known that the farfield operator admits two factorisations F = GH = H∗TH. The compact operator
H : L2(Sd−1) → L2(D) is defined by :

Hg :=

ˆ
Sd−1

eikx·θg(θ)ds(θ), g ∈ L2(Sd−1), x ∈ D, (2)

and is dense in {v ∈ L2(D) s.t. ∆v + k2v = 0 in D}. Its adjoint H∗ : L2(D) → L2(Sd−1) is defined by :

H∗φ(x̂) :=

ˆ
D

e−iky.x̂φ(y)dy, φ ∈ L2(D), x̂ ∈ Sd−1.

We define the compact operator G : R(H) ⊂ L2(D) → L2(Sd−1) defined by: Gv := w∞ where w∞ is the
farfield of w ∈ H1

loc(Rd) associated to the incident wave v :
∆w + nk2w = k2(1− n)v in Rd,

lim
r→∞

´
|x|=r

∣∣∂w
∂r − ikw

∣∣2 ds = 0.
(3)

Finally we define T : L2(D) → L2(D) by:

Tv := −k2(1− n)(v + w). (4)

In the following we will use the operator F# = |ℜ(F )|+ |ℑ(F )|, which can be factorised as F# = H∗T#H,
where the operator T# is a real selfadjoint operator [1] that satisfies (under hypothesis 2.1) :

|(T#h, h)| =
∥∥∥(T#) 1

2h
∥∥∥2 ≥ µ ∥h∥2 ∀h ∈ R(H), (5)

where µ > 0 is a constant independent of h.

Hypothesis 2.1. The index of refraction n and the domain D satisfy n ∈ L∞(Rd), supp(n−1) = D, ℑ(n) ≥ 0
and there exist a constant n∗ > 0 such that ℜ(n(x)− 1) ≥ n∗ for a.e. x ∈ D.

3 Theoretical Results

The GLSM relies on the solvability of the so-called interior transmission problem defined by (u, v) ∈ L2(D)×
L2(D) such that u− v ∈ H2(D) and

ITP(D, f, g, n, n′) =


∆u+ k2nu = 0 in D,
∆v + k2n′v = 0 in D,
(u− v) = f on ∂D,
∂
∂ν (u− v) = g on ∂D,

(6)

We denote by σ(D,n, n′) the set of wave number k ∈ R for which the ITP(D, f, g, n, n′) is not well posed for

all f ∈ H
1
2 (∂D) and g ∈ H− 1

2 (∂D).
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Hypothesis 3.1. We assumed that k2 ∈ R+ and n are such that for all f ∈ H
1
2 (∂D) and g ∈ H− 1

2 (∂D) the
ITP(D, f, g, n) has a unique solution (u, v) ∈ L2(D)× L2(D) such that u− v ∈ H2(D).

This hypothesis is verified [6] for all k2 ∈ R+ except a countable set without finite point of accumulation if
n verifies 1/(n− 1) ∈ L∞(D) and ℜ(n− 1) is either positive or negative definite in the neighbourhood of ∂D.
We introduce the farfield pattern of the Green function:

ϕz(x̂) := e−ikx̂·z

and the key ingredient of the GLSM:

Theorem 3.1. Assume that k /∈ σ(D,n, 1). Then G is compact, injective with dense range and ϕz ∈ R(G) if
and only if z ∈ D. Moreover, if z ∈ D then G(v) = ϕz if and only if there exists u ∈ L2(D) such that (u, v) is
a solution of ITP(D,Φz,

∂Φz

∂ν , n, 1).

We outline the main results of the GLSM in the case of noisy data (see [5]). The noisy operators, F δ and

F δ
# are such that

∥∥F δ − F
∥∥ ≤ cδ and

∥∥∥F δ
# − F#

∥∥∥ ≤ δ where c is a real constant.Let gα,δz ∈ L2(Sd−1) be the

minimizer of

Jδ
α(ϕz; g) := α(|

(
F δ
#g, g

)
|+ δα−η ∥g∥2) +

∥∥F δg − ϕz
∥∥2 , (7)

for α > 0, δ > 0, η ∈]0, 1[ and ϕz ∈ L2(Sd−1). The functional

Aα,δ(g) := |
(
F δ
#g, g

)
|+ α−ηδ ∥g∥2 (8)

gives a characterisation of D through the following result.

Theorem 3.2. Under hypothesis 3.1 and 2.1 we have:

• z ∈ D implies lim sup
α→0

lim sup
δ→0

Aα,δ(gα,δz ) <∞,

• z /∈ D implies lim inf
α→0

lim inf
δ→0

Aα,δ(gα,δz ) = ∞.

When we have two measurements campaigns, the same results applies to D̄0 = supp(n0 − 1) ⊂ D̄ where

Aα,δ
0 is defined as above using F δ

0 (the farfield associated with n0 and D0) and

gα,δ0,z = arg min
g∈L2(Sd−1)

α(|
(
F δ
0,#g, g

)
|+ δα−η ∥g∥2) +

∥∥F δ
0 g − ϕz

∥∥2 .
However we are interested in supp(n− n0). The filtered difference term defined by:

Dδ(g, g0) := |
(
F δ
0,#(g − g0), g − g0

)
|+ δ ∥g − g0∥2 ,

will be used to image the simply connected part of D0 that have been modified between the two measurements.
We denote this domain by D̃0. Let Ω be the part of supp(n − n0) such that Ω̄ ∩ D̄0 = ∅. We introduce the
following indicator function:

Iα,δ
T (gα,δz , gα,δ0,z ) =

1√
Aα,δ(gα,δz )

(
1 +Aα,δ(gα,δz )Dδ(gα,δz , gα,δ0,z )

−1
) , (9)

which will image a domain larger than the defect as follows:

Theorem 3.3. If we assume that k /∈ σ(D,n, 1) ∪ σ(D0, n0, 1) ∪ σ(D,n, n0) and, n and n0 verify hypothesis

2.1, then z ∈ D̃0 ∪ Ω if and only if lim
α→0

lim inf
δ→0

Iα,δ
T (gα,δz , gα,δ0,z ) > 0.
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4 Numerical Simulations

In order to fix the ideas, we shall limit ourselves to the two dimensional case and will introduce the algorithms
for the discrete setting. We identify S1 with the interval [0, 2π[. In order to collect the data of the inverse
problem we solve numerically (3) for N incident fields ui( 2πjN , ·), j ∈ {0...N− 1} using a finite element method

implemented with Freefem++ [8]. The discrete version of F is then the matrix F := (u∞( 2πjN , 2πkN ))0≤j,k≤N−1.
We add some noise to the data to build a noisy far field matrix F δ where (F δ)j,k = (F )j,k(1+ σNij) for σ > 0
and Nij an uniform complex random variable in [−1, 1]2. We similarly generate F δ

0 We denote by ϕz ∈ CN,
the vector defined by ϕz(j) = exp(−ik(z1 cos( 2πjN ) + z2 sin(

2πj
N )) for 0 ≤ j ≤ N − 1. The analysis of previous

sections suggests to consider

gGLSM
z := argming∈L2(S1)

(
α
∥∥∥(F δ

♯ )
1
2 g
∥∥∥2
L2(S1)

+ α1−ηδ ∥g∥2L2(S1) +
∥∥F δg − ϕz

∥∥2
L2(S1)

)
.

The minimizer is explicitly given by

gGLSM
z = (αF δ

♯ + α1−ηδId+ F δ∗F δ)−1F δ∗ϕz.

We similarly construct gGLSM
0,z using F δ

0 . In our numerical simulations we choose η = 0 (which corresponds to

the one used in [4]) and set α with the same heuristic as in [4]. We then look at z → Iα,δ
T (gα,δz , gα,δ0,z ) as an

indicator function.
All our experiments are conducted for the background medium n0 shown in Figure 1. This background

medium is a simplified numerical description of a concrete like material. The wave frequency is 150kHz , the
celerity of the medium is 4300m.s−1 (which means a wavelength of 2.87cm) and the celerity inside the inclusion
is 5700m.s−1.

Figure 1. The background medium, n = 0.57 inside the yellow inclusions

Our theoretical analysis is only valid for inhomogeneous perturbations n and n0. One example of this
setting is shown in Figure 2 where we modified the celerity (3 times higher) in two of the inclusions between
the two measurements.

The main concern with concrete non destructive testing is the case of cracks. Our analysis do not include
this case and its extension to it is the subject of an ongoing work. However the results shown in Figure 3 for
a crack being either inside or outside the inhomogeneity n0 gives promising results. To obtain this results we
do not test with ϕz but with its normal derivatives as explained in [7].
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Optimization approach to combined
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Abstract: We investigate two different inverse problems of determining the tsunami source using two dif-
ferent additional data, namely underwater measurements and satellite wave-form images, and combination
of these two inverse problems. We investigate gradient-type methods for inverse problem solutions and show
that combination of two types of data allows one to increase stability and convergence of numerical inverse
problem solutions. Results of numerical experiments of the tsunami source reconstruction are presented
and discussed.

Keywords: Shallow water equations, Dirichlet problem, Satellite data, DART data, Conjugate gradient
method, Combined data.

1 Introduction

Most suitable physical models related to simulation of tsunamis are based on shallow water equations (1), [1, 2].
There exist many numerical approaches for solving shallow water equations such as finite-difference, finite vol-
ume, finite element, etc [3]. An overview of methodologies and techniques related to estimation of tsunami
source characteristics are given in [4, 5, 6, 7]. The most of them consists in determining the tsunami source
using additional measurements of a passing wave (this problem is often called inverse tsunami problem) such as
DART (Deep-ocean Assessment and Reporting of Tsunamis) buoys positioned on the ocean floor, tide gauges
measurements, satellite wave-form images, etc. Our goal is to reconstruct the tsunami source using a combi-
nation of two types of data: DART buoys and satellite wave-form image. We show that using a combination
of two types of data allows one to increase the stability and efficiency of tsunami source reconstruction.

The paper is organized as follows. In Section 2 we describe the statement of three inverse problems. In
Section 3 we consider a variational formulation of the inverse tsunami problem for two types of measured
data: DART data (inverse problem 1) and satellite image data measured on the part of the water surface
(inverse problem 2), and then we consider the combined inverse problem (inverse problem 3). We compare two
inverse problems and their combination and show the benefits of usage of combined data. Results of numerical
experiments of the tsunami source reconstruction are presented in Section 4.

2 Statement of the problems

The ocean domain being considered is bounded from above by the free water surface η(x, y, t), and from below,
by the bottom relief H(x, y) > 0. We assume that the computational time T is not large enough for the wave to
reach the edges of the domain, and therefore we can set homogeneous boundary conditions at the boundary of
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the domain Ω := (0, Lx)× (0, Ly) (figure 1). We formulate the initial boundary-value problem in the Cartesian
coordinate system 

ηtt = div(gH(x, y)grad η), t ∈ (0, T );
η|t=0 = q(x, y), ηt|t=0 = 0, (x, y) ∈ Ω;
η|∂ΩT

= 0, ΩT := Ω× (0, T )
(1)

for the linear equations of shallow water theory in terms of the free surface without external forces, e.g. the
Coriolis force and bottom friction [2]. Here H ∈ H1(Ω) is a known function describing the bottom relief
(bathymetry), q ∈ H2(Ω) is a tsunami source which is supposed to have a compact support belonging to Ω,
g = 9.8 [m/s2]. Further, we will use notation c(x, y) =

√
gH(x, y) that describes the tsunami propagation

velocity according to the long-wave theory.

x

y

0

H(x,y)

Ly

4-6 km

 

≈ 300 km

Figure 1. Domain of calculation of direct and inverse
problems.
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Figure 2. The 1D bottom relief H(x).

The direct tsunami problem (1) consists in determining of a function η ∈ C(ΩT ;H
2(Ω)) in the domain

Ω by known functions H(x, y) and q(x, y).

Let us consider three inverse problems for linear shallow water equations:
Inverse problem 1 (IP 1): find q(x, y) from (1) using function H(x, y) and data fεm(x, y, t) from underwater
systems (DART buoys, tide gauges measurements) at ε-neighborhoods of points (xm, ym) ∈ Ω

η(x, y, t) = fεm(x, y, t), x ∈ (xm − ε, xm + ε), y ∈ (ym − ε, ym + ε), ε > 0,

t ∈ (T
(1)
m , T

(2)
m ), m = 1, 2, . . . ,M.

(2)

Inverse problem 2 (IP 2): find q(x, y) from (1) using function H(x, y) and satellite altimeters data F2(x, y)

η(x, y, T ) = F2(x, y), (x, y) ∈ ω ⊂ Ω, T > 0. (3)

Here ω := (l
(1)
x , l

(2)
x )× (l

(1)
y , l

(2)
y ) is a subset of Ω.

Inverse problem 3 (combined IP 3): find q(x, y) from (1)-(3) using function H(x, y), measured data
fεm(x, y, t), m = 1, . . . ,M , and F2(x, y).

Let us present inverse problems 1, 2 and 3 in the operator form: Aiq = Fi, i = 1, 2, 3. Here A1 : H2(Ω) 7→
C(ΩT ;E

M ), A2 : H2(Ω) 7→ L2(Ω) and A3 := (A1, A2)
T , F1 := (fε1 , f

ε
2 , . . . , f

ε
M ) ∈ EM is the vector of

discrete output data depends on (x, y, t), F3 = (F1, F2)
T , EM is Euclidean space. The inverse problem 3 is

ill-posed because A3 is a compact operator [8]. The compactness of operators A1 and A2 is established in
papers [7] and [9, 10, 11], respectively. We will find the solution q(x, y) of inverse problems in the class of

functions q(x, y) =
K∑

k=1

qk(x) sin (2πky/Ly) which means that we regularize our inverse problems using cut

Fourier series [8].
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3 Variational formulation of inverse problems

Inverse problems Aiq = Fi can be reduced to the minimization problems min
q∈H2(Ω)

Ji(q), i = 1, 2 [8]. Here

Ji(q) = ∥Aiq − Fi∥2 are cost functions, i = 1, 2.

In this section we find gradients of cost functions Ji(q), i = 1, 2, and introduce a cost function J
(β)
3 (q) for

the combined IP 3.

Inverse problem 1

The conditions of well-posedness of IP 1 in one-dimensional case are given in [12]. The algorithm of constructing
function q(x, y) in two-dimensional case based on truncated singular value decomposition is proposed in [4, 5,
13].

The cost function J1(q) for IP 1 has the form:

J1(q) = ∥A1q − F1∥2L2(0,T ) :=
M∑

m=1

T (1)
m̂

T
(1)
m

xm+εˆ

xm−ε

ym+εˆ

ym−ε

[η(x, y, t; q)− fεm(x, y, t)]2 dy dx dt.

Lemma 1 [7]. The gradient of the cost function J1(q) has the form J ′
1q = ψ1t(x, y, 0). Here ψ1 ∈

C(ΩT ;H
2(Ω)) is the weak solution of the following problem:

ψ1tt − div(c2(x, y)gradψ1) = R1(x, y, t), (x, y) ∈ Ω, t ∈ (0, T ),
ψ1(x, y, T ) = 0, ψ1t(x, y, T ) = 0, (x, y) ∈ Ω,
ψ1|∂ΩT

= 0, t ∈ (0, T ),
(4)

R1(x, y, t) = −2
M∑

m=1
{[η(x, y, t) − fεm(x, y, t)]θ(x − xm + ε)θ(xm + ε − x) · θ(y − ym + ε)θ(ym + ε − y)θ(t −

T
(2)
m )θ(T

(2)
m − t)}.

Inverse problem 2

The cost function J2(q) for IP 2 has the form:

J2(q) = ∥A2q − F2∥2L2(0,T ) :=

l(2)x̂

l
(1)
x

l(2)ŷ

l
(1)
y

(η(x, y, T )− F2(x, y))
2
dy dx.

Lemma 2 [6, 14]. The gradient of the cost function J2(q) has the form J ′
2q = ψ2t(x, y, 0). Here ψ2 ∈ H2(Ω)

is the weak solution of the following problem:
ψ2tt = div(c2(x, y)gradψ2), (x, y) ∈ Ω, t ∈ (0, T );
ψ2(x, y, T ) = 0, ψ2t(x, y, T ) = R2(x, y), (x, y) ∈ Ω;
ψ2|∂ΩT

= 0, t ∈ (0, T )

R2(x, y) = 2 (η(x, y, T )− F2(x, y)) θ(x− l
(1)
x )θ(l

(2)
x − x) · θ(y − l

(1)
y )θ(l

(2)
y − y).

Inverse problem 3

We introduce the cost function J
(β)
3 (q) for IP 3 in the form: J

(β)
3 (q) = βJ1(q) + (1 − β)J2(q), β ∈ [0, 1]. The

gradient of a cost function J
(β)
3 (q) has the form: J

(β)′
3 q = βJ ′

1q + (1− β)J ′
2q.
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4 Results of numerical calculations

We apply the conjugate gradient method [15, 8] for solving IP 1, IP 2 and IP 3 numerically.
We choose the following parameters for numerical experiments: Lx = 50 km, Ly = 100 km, T = 60 min,

ε = 125 m, Nx = 750, Ny = 500, Nt = 600. The bottom is assumed to be one-dimensional (see figure 2) with the
highest Hmax = 6 km and lowest Hmin = 5 m average depth of the ocean. We choose an exact solution qe(x, y)
of inverse problems with a wave height A = 8 m (see figure 3). We use the explicit finite-difference conservative

scheme of the second order approximation [7] with Courant condition ht = 0, 8 ·hxhy
(
h2x + h2y

)−1/2
/∥c∥C . We

set data fεm, m = 1, 6, and F2 with ”white” noise 1-7%, i.e. fε,γm (x, y, t) = fεm(x, y, t) + γRandom(fεm)∥fεm∥,
γ ∈ (0.01, 0.07). Noise data for IP 1 is generated from the discrete numerical solution of the direct problem
in six points (xm, ym) equally-spaced on the interval ((40, 15); (47, 89)). We choose an initial approximation
q0 = Hmax which corresponds to an unperturbed sea surface.

We use the stopping condition Ji(qn) < εs, i = 1, 2, where εs > 0 is choosing according to [7]. Let us denote

q
(i)
n , i = 1, 2, is n-th approximation of the solution of IP 1 and 2. The reconstructed solution q

(1)
n of IP 1 from

the random noisy output data γ = 3% is demonstrated on figure 4.

Figure 3. The exact solution qe(x, y) of inverse
problems.

Figure 4. The reconstructed solution q
(1)
5 (x, y) of

IP 1 from the random noisy output data with γ =
3%.

For solving numerically IP 2 we put ω = (0, 25)× (0, 50) km. The reconstructed solution q
(2)
n of IP 2 from

the random noisy output data γ = 3% is demonstrated on figure 5.

The reconstructed solution q
(3)
n,β of IP 3 from the random noisy output data with γ = 3%, β = 0.3, is

demonstrated on figure 6. Note, that the location of initial source as well as its amplitude is reconstructed

better than in case of IP 1 and IP 2. The parameter β in combined function J
(β)
3 (q) depends on sensitivity of

the functional J1(q) and J2(q) (figure 7).

Figure 5. The reconstructed solution q
(2)
15 (x, y) of

IP 2 from the random noisy output data with γ =
3%.

Figure 6. The reconstructed solution q
(3)
4,β(x, y) of

IP 3 from the random noisy output data with γ =
3%.

We compare relative accuracy error curves Ei(n; q
(i); γ) = ∥qe − q

(i)
n ∥/∥qe∥, i = 1, 2, for IP 1, 2 and

E3(n; q
(3)
β ; γ) for IP 3. Figure 7 shows that using of combined underwater systems and satellite data allows
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(i); γ), i = 1, 2, 3,
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curves Ei, i = 1, 2, for n = 7
when β = 0.7 (blue line) and
n = 5, 6, . . . , 14 when β = 0.3
(green line).

one to increase the stability and efficiency of tsunami source reconstruction.
Note, that after reconstruction q(x, y) we can calculate the amplitude of the tsunami wave using Airy-

Green formula in case of 1D bottom profile (figure 2) [16]. In case of 2D bottom profile and linear source
q(x, y) = g(y)δ(x) we can solve 2D direct problem for the amplitude S(z, y){

Sz + 0.5a1Sy + 0.5a2S = 0, z > 0, y ∈ (−∞,+∞);
S(0, y) = g(y), y ∈ (−∞,+∞)

which coincides with Airy-Green formula in 1D case [16]. Here new variable z = τ(x, y) denotes the solution

of eikonal equation τ2x + τ2y = (gH(x, y))
−1

, a1 and a2 depend on H(x, y) [16].
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Inverse force problems for the wave
equation
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Abstract: We consider inverse force problems for the wave equation which consists of determining the
unknown space or time-dependent force function from additional data. In the spacewise dependent case
the additional data is Cauchy boundary data, whilst in the time-dependent case the additional data is
represented by a time-dependent measurement of an integral space average of the displacement solution.
The problems are linear, but ill-posed. The solution may exist and is unique, but it does not depend
continuously on the input measurement data which is subject to noise. Numerically, the finite difference
method combined with the Tikhonov regularization are employed in order to obtain a stable solution.

Keywords: Inverse force problem; Regularization; L-curve; Finite difference method; Wave equation.

1 Introduction

The wave equation governs many physical problems such as the vibrations of a spring or membrane, acoustic
scattering, etc. It is the objective of this study to investigate inverse force problems for the hyperbolic wave
equation. The forcing function is assumed to depend only upon the space or time variable in order to ensure
uniqueness of the solution, [1, 2, 4, 6, 7]. These authors have given conditions to be satisfied by the data in
order to ensure uniqueness and continuous dependence upon the data. However, no numerical results were
presented and it is the main purpose of our study to develop an efficient numerical solution for this inverse
linear, but ill-posed problem.

The mathematical formulation is given in Section 2. Numerical results are illustrated and discussed in
Sections 3 and conclusions are provided in Section 4.

2 Mathematical Formulation

The governing equation for a vibrating bounded structure Ω ⊂ Rn, n = 1, 2, 3, acted upon by a force F (x, t)
is given by the wave equation

utt(x, t) = ∇2u(x, t) + F (x, t), (x, t) ∈ Ω× (0, T ), (1)

where T > 0 is a given time and u(x, t) represents the displacement.
Equation (1) has to be solved subject to the initial conditions

u(x, 0) = u0(x), ut(x, 0) = v0(x), x ∈ Ω, (2)

where u0 and v0 represent the initial displacement and velocity, respectively. Let us consider, for the sake of
simplicity, Dirichlet boundary conditions being prescribed, namely,

u(x, t) = P (x, t), (x, t) ∈ ∂Ω× (0, T ). (3)
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If the force F (x, t) is given, then equations above form a direct well-posed problem. However, if the force
function F (x, t) cannot be directly observed it hence becomes unknown and then clearly, the above set of
equations is not sufficient to determine the pair solution (u(x, t), F (x, t)). Then, we consider the additional
overdetermination measurement, given by the flux

∂u

∂ν
(x, t) = q(x, t), (x, t) ∈ Γ× (0, T ), (4)

where ν is the outward unit normal to ∂Ω, (Γ ⊂ ∂Ω), or by the integral

ˆ
Ω

u(x, t)ω(x)dx = ψ(t), t ∈ [0, T ], (5)

where ω is a given weight function. In order to ensure a unique solution we further assume that

F (x, t) = f(x)h(x, t), (6)

or

F (x, t) = g(t)h(x, t), (7)

where h(x, t) is a known function and f(x) or g(t) represents the unknown space- or time-dependent forcing
function to be determined.

For the space-dependent force identification we have the following uniqueness theorems, see [2, Theorem
9], [4, Theorem 3.8] and [7].

Theorem 1. Assume that Ω ⊂ Rn is a bounded star-shaped domain with sufficiently smooth boundary such
that T > diam(Ω). Let h ∈ H2(0, T ;L∞(Ω)) be such that h(., 0) ∈ L∞(Ω), ht(., 0) ∈ L∞(Ω) and

H :=
||htt||L2(0,T ;L∞(Ω))

infx∈Ω|h(x, 0)|
issufficientlysmall. (8)

If Γ = ∂Ω, then the inverse problem (1)-(4) and (6) has at most one solution (u(x, t), f(x)) in the class of
functions

u ∈ L2(0, T ;H1(Ω)), ut ∈ L2(0, T ;L2(Ω)), utt ∈ L2(0, T ; (H1(Ω))′), f ∈ L2(Ω), (9)

where (H1(Ω))′ denotes the dual of H1(Ω).

Theorem 2. Assume that Ω ⊂ Rn is a bounded domain with piecewise smooth boundary. Let h ∈ C3(Ω×[0, T ])
be such that

h(x, 0) ̸= 0 for x ∈ Ω. (10)

If Γ = ∂Ω, then the inverse problem (1)-(4) and (6) has at most one solution (u(x, t), f(x)) ∈ C3(Ω× [0, T ])×
C(Ω).

Theorem 3. Assume that Ω ⊂ Rn is a bounded star-shaped domain with smooth boundary such that T >
diam(Ω). Let h ∈ C1[0, T ] be independent of x in (6) such that equation (1) becomes

utt(x, t) = ∇2u(x, t) + f(x)h(t), (x, t) ∈ Ω× (0, T ), (11)

and assume further that h(0) ̸= 0. Then the inverse problem (2)-(4) and (11) has at most one solution in the
class of functions

u ∈ C1([0, T ];H1(Ω)) ∩ C2([0, T ];L2(Ω)), f ∈ L2(Ω). (12)
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For the time-dependent force identification we assume, without loss of generality, that the Dirichlet bound-
ary data in (3) is homogeneous, i.e. P ≡ 0, and that the input data satisfy the regularity conditions

u0 ∈ W̊ 1
2 (Ω), v0 ∈ L2(Ω), ψ ∈ C2[0, T ], h ∈ C([0, T ];L2(Ω)), ω ∈ W̊ 1

2 (Ω), (13)

the compatibility conditions

ˆ
Ω

u0(x)ω(x)dx = ψ(0),

ˆ
Ω

v0(x)ω(x)dx = ψ′(0), (14)

and the identifiably condition

ˆ
Ω

h(x, t)ω(x)dx ̸= 0, t ∈ [0, T ]. (15)

Then from the corollary 9.2.1 of [6], we obtain the following unique solvability theorem of the inverse problem
(1)-(3), (5) and (7).

Theorem 4. Let P ≡ 0 in (3). If the input data satisfy conditions (13)-(15), then there exists a unique
solution (u(x, t), g(t)) of the inverse problem (1)-(3), (5) and (7) in the class of functions

u ∈ C([0, T ];W 1
2 (Ω)) ∩ C1([0, T ];L2(Ω)), g ∈ C[0, T ]. (16)

3 Numerical Results and Discussion

For simplicity, we illustrate numerical results only for the inverse space-dependent force problem (2)-(4) and
(11). Take the one-dimensional case, Ω = (0, L) with L = 1, T = 1, h(x, t) = 1+ t, and consider first the direct
problem (2), (3) and (11) with the input data

u(x, 0) = u0(x) = 0, ut(x, 0) = v0(x) = 0, x ∈ [0, 1], (17)

u(0, t) = p0(t) = 0, u(1, t) = pL(t) = 0, t ∈ (0, 1], (18)

f(x) =

{
x if 0 ≤ x ≤ 1

2 ,

1− x if 1
2 < x ≤ 1.

(19)

The numerical solutions for the flux tension q0(t) := −∂u/∂x(0, t) at x = 0 obtained using the finite-difference
method (FDM) for the direct problem with various N = M ∈ {10, 20, 40, 80}, where M and N represent the
number of space and time intervals in which the intervals [0, L = 1] and [0, T = 1] are uniformly discretised,
are presented in Table 1. From this table it can be seen that the numerical solution is convergent, as the FDM
mesh size decreases to zero.

Table 1. The numerical solutions for the flux tension at x = 0, obtained by solving the direct problem.
t 0.1 0.2 ... 0.8 0.9 1

N =M = 10 −0.00500 −0.02100 ... −0.31900 −0.35900 −0.39000
N =M = 20 −0.00512 −0.02125 ... −0.3095 −0.34862 −0.37875
N =M = 40 −0.00515 −0.02131 ... −0.30712 −0.34603 −0.37593
N =M = 80 −0.00516 −0.02132 ... −0.30653 −0.34538 −0.37523

Consider now the inverse problem given by equation (11) with h(x, t) = 1 + t, equations (17), (18) and (4)
with q0(t) = −∂u/∂x(0, t) numerically simulated and given in Table 1 for N = M = 80. We perturb further
this flux by adding to it some p ∈ {1, 3, 5}% random noise with mean zero and standard deviation equal to
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p ×maxt∈[0,1] |q0(t)|. The numerical FDM solution for f(x) obtained with no regularization has been found
highly oscillatory and unstable. In order to deal with this instability we employ the Tikhonov regularization
of various orders such as zero, first and second, which yields the solution, [5],

f
λ
= (AtrA+ λDtr

k Dk)
−1Atrbϵ, (20)

where A represents the matrix resulting from the FDM discretisation of the inverse problem, bϵ represents the
right-hand side vector which is contaminated with noise, Dk is the regularization derivative operator of order
k ∈ {0, 1, 2} and λ ≥ 0 is the regularization parameter. The regularization derivative operator Dk imposes
continuity, i.e. class C0 for k = 0, first-order smoothness, i.e. class C1 for k = 1, or second-order smoothness,
i.e. class C2 for k = 2. Thus D0 = I,

D1 =


1 −1 0 0 ... 0
0 1 −1 0 ... 0
... ... ... ... ... ...
0 0 ... 0 1 −1

, D2 =


1 −2 1 0 0 ... 0
0 1 −2 1 0 ... 0
... ... ... ... ... ... ...
0 0 ... 0 1 −2 1

.

The values of the regularization parameter λ are obtained by trial and error or by the L-curve criterion,
[3].

Figure 1 shows the regularized numerical solutions (20) for various orders of regularization k ∈ {0, 1, 2} in
comparison with the exact solution (19). From this figure it can be seen that the numerical results are stable and
they become more accurate as the amount of noise p decreases. Also, the first- and second-order regularization
methods produce smoother and more accurate numerical solutions than the zeroth-order regularization.
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Figure 1. The exact solution (19) for the force f(x) in comparison with the numerical regularized solution
(20) of various orders, for N =M = 80 and p ∈ {1, 3, 5}% noise.
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4 Conclusions

In this paper, the determination of space or time-dependent forces from boundary Cauchy data in the wave
equation has been investigated. The solution of this linear inverse problem is unique, but is still ill-posed since
small errors in the input data cause large errors in the output force. The problem is discretised numerically
using the FDM, and in order to stabilise the solution, the Tikhonov regularization method has been employed.
Numerical examples indicate that the method can accurately recover is a stable manner the unknown force.
Future work will consist in investigating the nonlinear inverse problem in which the unknown force f(u) depends
on the displacement u.

Acknowledgments

S.O. Hussein would like to thank the Human Capacity Development Programme (HCDP) in Kurdistan for
their financial support in this research.

References

[1] Cannon J R and Dunninger D R 1970 Determination of an unknown forcing function in a hyperbolic equation from overspecified
data, Annali di Matematica Pura ed Applicata 1 49

[2] Engl H W, Scherzer O and Yamamoto M 1994 Uniqueness and stable determination of forcing terms in linear partial differential
equations with overspecified boundary data, Inverse Problems 10 1253

[3] Hansen P C 2001 The L-curve and its use in the numerical treatment of inverse problems, Computational Inverse Problems
in Electrocardiology (ed. P. Johnston) (Southampton: WIT Press) pp 119-142

[4] Klibanov M V 1992 Inverse problems and Carleman estimates Inverse Problems 8 575
[5] Philips D L 1962 A technique for the numerical solution of certain integral equations of the first kind Journal of the Association

for Computer Machinery 9 84
[6] Prilepko A I, Orlovsky D G and Vasin I A 2000 Methods for Solving Inverse Problems in Mathematical Physics (New York:

Marcel Dekker)
[7] Yamamoto M 1995 Stability, reconstruction formula and regularization for an inverse source hyperbolic problem by a control

method Inverse Problems 11 481

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

112

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

Gelfand–Levitan, Marchenko and
Krein equations. Theory, numerics and
applications

S Kabanikhin1,3 and M Shishlenin2,3

1Institute of Computational Mathematics and Mathematical Geophysics SB RAS, Russia
2Sobolev Institute of Mathematics SB RAS, Russia
3Novosibirsk State University, Russia

E-mail: kabanikhin@sscc.ru, mshishlenin@ngs.ru

Abstract: We consider the method of regularization of two dimensional (2D) inverse coefficient problems
based on the projection method and the approach of I.M. Gelfand, B.M. Levitan, M.G. Krein and V.A.
Marchenko. We propose a method of reconstruction of the potential, density and velocity in 2D inverse
coefficient problems. The 2D analogies of the I.M. Gelfand, B.M. Levitan and M.G. Krein method are
established. Our approach can be easily applied to corresponding multidimensional inverse problems. The
results of numerical calculations are presented.

Keywords: Gelfand-Levitan equation, Krein equation, inverse coefficient problems

1 Introduction

We consider the method of regularization of 2D inverse coefficient problems based on the projection method
and the approach of I.M. Gelfand, B.M. Levitan, M.G. Krein and V.A. Marchenko.

In 1951 I.M. Gelfand and B.M. Levitan [1] established a method of reconstructing the Sturm–Liouville
operator from a spectral function and gave the sufficient conditions for a given monotonic function to be a
spectrum function of the operator. In 1951 and 1954 M.G. Krein [2, 3] considered the physical statement of
the inverse boundary value problem and proved solvability. In 1950 and 1952 V.A. Marchenko [4, 5] applied
the transformation operators for investigation of the inverse problems and proved that spectral function of the
Sturm–Liouville operator defines the operator uniquely.

One of the advantages of our approach (for 1D inverse coefficient problems see also [6, 7, 8]) is that it
allows one to avoid multiple solution of 2D direct problem (see also the boundary control method proposed
by M.I. Belishev [9, 10] and the globally convergent method proposed by M.V. Klibanov [11, 12]). In [13] we
proved that boundary control method and the method by M.G. Krein are equivalent in 1D case.

2 2D analogy of Gelfand-Levitan equation

Let us consider the sequence of direct problems (k = 0,±1,±2, . . .)

u
(k)
tt = u(k)xx + u(k)yy − q(x, y)u(k), x ∈ R, y ∈ R, t > 0;

u(k)|t=0 = 0, u
(k)
t |t=0 = δ(x)eiky,

u(k)|y=π = u(k)|y=−π.
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Inverse problem 1: find function q(x, y) using additional information

u(k)|x=0 = f (k)(y, t), u(k)x |x=0 = 0, k = 0,±1,±2, . . .

The uniqueness of the inverse problem 1 can be proved using the technique in [23, 24]
Let us consider the sequence of the auxilary problems (m = 0,±1,±2, . . .) [15, 16]

w
(m)
tt = w(m)

xx + w(m)
yy − q(x, y)w(m), x > 0, y ∈ R, t ∈ R; (1)

w(m)|x=0 = eimyδ(t), w(m)
x |x=0 = 0. (2)

It was proved in [15, 16] that the solution to the problem (1), (2) has the form

w̃(m)(x, y, t) =
1

4
eimyθ(x− |t|)

[
xm2 +

ˆ x+t
2

0

q(ξ, y)dξ +

ˆ x−t
2

0

q(ξ, y)dξ

]
+

+
1

2

ˆ t

0

ˆ x+t−τ

x−t+τ

[−w̃(m)
yy + q(x, y)w̃(m)](ξ, y, τ)dξdτ.

Therefore

w̃(m)(x, y, x− 0) =
1

4
eimy

[
xm2 +

ˆ x

0

q(ξ, y)dξ

]
. (3)

The inverse problem 1 can be reduced to the system of integral equations (k = 0,±1,±2, . . .)

w̃(k)(x, y, t) +

xˆ

−x

∑
m

f (k)m

′
(t− s)w̃(m)(x, y, s)d = −1

2

[
f (k)

′
(y, t− x) + f (k)

′
(y, t+ x)

]
. (4)

Here |t| < x, y ∈ R. The system (4) is 2D analogy of the Gelfand-Levitan equation.
Note that according to (3) q(x, y) can be calculated as follows

q(x, y) = 4
d

dx
w̃(0)(x, y, x− 0).

3 2D analogy of M.G. Krein equation

Let us consider the sequence of direct problems (k = 0,±1,±2, . . .):

u
(k)
tt = u(k)xx + u(k)yy −∇ ln ρ(x, y)∇u(k), x > 0, y ∈ R, t > 0;

u(k)|t<0 ≡ 0, u(k)x (+0, y, t) = eiky δ(t);

u(k)|y=π = u(k)|y=−π.

Inverse problem 2: find function ρ(x, y) using additional information

u(k)(+0, y, t) = f (k)(y, t), k = 0,±1,±2, . . .

The inverse problem 2 can be reduced to the 2D analogy of M.G. Krein equation [15, 16]

2Φk(x, t) +
∑
m

xˆ

−x

f (k)m

′
(t− s)Φ(m)(x, s)ds = −

π̂

−π

eiky

ρ(0, y)
dy, |t| < x, k = 0,±1,±2, . . . . (5)

The inverse problem solution ρ(x, y) can be calculated by the formula

ρ(x, y) =
π2

ρ(0, y)

[ ∞∑
m=−∞

Φ(m)(x, x− 0) e−imy
]−2

. (6)

For finding inverse problem solution ρ(x, y) in point x0 > 0 we have to solve the system (5) with x = x0
and calculate ρ(x0, y) by formula (6). For numerical calculations (see figures 1–4) we use N–approximation
[14, 20] of M.G. Krein equation [16] e.g. we cut the system (5) putting Φk(x, t) ≡ 0 for all N < |k| [17].

Discrete analogies of the Gelfand–Levitan equation were considered in [18, 19, 22, 21].
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4 Reconstruction of the velocity c(x, y)

Inverse problem 3: find the velocity c(x, y) from the sequence of relations (k = 0,±1,±2, . . .):

c−2(x, y)u
(k)
tt = u(k)xx + u(k)yy , x ∈ R, y ∈ R, t > 0;

u(k)|t=0 = 0, u
(k)
t |t=0 = eiky δ(x).

u(k)(0, y, t) = f (k)(y, t), u(k)x (+0, y, t) = 0.

Let τ(x, y) be a solution of Cauchy problem for the eikonal equation

τ2x + τ2y = c−2(x, y), x > 0, y ∈ R; (7)

τ |x=0 = 0, τx|x=0 = c−1(0, y), y ∈ R. (8)

Let us introduce new variables z = τ(x, y), y = y and new functions

v(k)(z, y, t) = u(k)(x, y, t), b(z, y) = c(x, y). (9)

Since the velocity is supposed to be strictly positive this change of variables is not degenerate at least in
some interval x ∈ (0, h).

Let us consider the sequence of the auxiliary problems (m = 0,±1,±2, . . .) [15, 16]:

w
(m)
tt = w(m)

zz + b2w(m)
yy + qw(m)

yz + pw(m)
z , z > 0, y ∈ R, t ∈ R; (10)

w(m)(0, y, t) = eimy δ(t), w(m)
z (0, y, t) = 0. (11)

Here
q(z, y) = 2b2τy, p(z, y) = b2(z, y)(τxx + τzz). (12)

We suppose that c(0, y) = b(0, y) is known and for simplicity b(0, y) ≡ 1 for y ∈ R.
In the neighborhood of the plane t = z the solution of the direct problem (10), (11) has the form [15, 16]:

w(m)(z, y, t) = S(m)(t, y)δ(z − t) +Q(m)(t, y)θ(z − t) + w̃(m)(z, y, t). (13)

Here w̃(m) is continuous function and functions S(m) and Q(m) solve the following problems:

2S
(m)
t + qS(m)

y + pS(m) = 0, t > 0, y ∈ R; (14)

S(m)|t=0 =
1

2
eimy. (15)

2Q
(m)
tt = S

(m)
tt −

[
qQ(m)

y + b2S(m)
yy + pQ(m)

]
, t > 0, y ∈ R; (16)

Q(m)|t=0 = 0. (17)

The 2D analogy of M.G. Krein equation follows from (13) (m = 0,±1,±2, . . .):

∑
m

S(m)(z, y)f (k)m

′
(t− z) + w̃(k)(z, y, t) +

∑
m

zˆ

−z

f (k)m

′
(t− s)w̃(m)(z, y, s)ds = 0, |t| < z. (18)

So for solving the inverse problem 3 we can solve the system (14)–(18), using the projection method and
then find c(x, y) from the following iterative algorithm.

First, we introduce N -approximation of the system (14)–(18), e.g. let w̃(m), S(m) and Q(m) be equal to 0
for all |m| > N . Let us suppose that cn(x, y) is known. Then we calculate τn(x, y) from (7), (8) [25], bn(z, y)
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from (9) and qn(z, y) and pn(z, y) from (12). Function S
(m)
n (t, y) is calculated from (14), (15). Then solving

the 2D analogy of M.G. Krein equation (18) we find w̃
(m)
n (z, y, t) for |m| ≤ N . It follows from (13) that

Q
(m)
n (t, y) = w̃

(m)
n (t + 0, y, t). Then from equations (14) and (16) we find function bn+1(z, y) and after that

new value cn+1(x, y) = bn+1(z, y) is calculated.

In numerical experiments (see figures 1–4) 2D inverse problem 2 is approximated by the finite system of one
dimensional inverse acoustic problems [16, 20, 17]. The inverse problem 2 is solved in the domain x ∈ (0, 1),
y ∈ (−π, π) and t ∈ (0, 2). The number N is equal to 5 for figure 2 and the number N is equal to 10 for
figures 3 and 4. The noisy data is taken as

fε(t) = f(t) + εα(t)(fmax − fmin).

Here ε is the level of noise, α(t) is white noise for fixed t, fmax and fmin are maximum and minimum values of
exact data. The dimension of the space grid is equal to 100× 100.
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Figure 1. The exact solution of the inverse prob-
lem 2.
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Figure 2. The approximate solution of the in-
verse problem 2, N = 5, ε = 0.
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Figure 3. The approximate solution of the in-
verse problem 2, N = 10, ε = 0.
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Figure 4. The approximate solution of the in-
verse problem 2, N = 10, ε = 0.05.
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Abstract: The field continuation problems from the part of the boundary (or the Cauchy Problem) are
ill-posed problems. The similar problems can be found, for instance, in geophysics and tomography when
the field continuation allows to detect the parameters of the medium outside the investigated domain. We
reduce the ill-posed problem to the inverse problem and reformulate it in the operator equation Aq = f . For
numerical solution of the continuation problem we apply singular value decomposition method and gradient
methods. Theory and numerical methods are developed for the continuation problem. The formulae to
calculate the singular values of the continuation problem operator was obtained in case of the simple
geometry. The results of numerical calculations are presented.

1 Introduction. Problem formulation

We offer a unified approach to regularization of continuation problem for a hyperbolic, parabolic and elliptic
equations of mathematical physics. For the first time a similar iteration approach was offered in the publication
by V.A. Kozlov, V.G. Maz’ya and A.V. Fomin in 1991 [3].

The continuation problems are related to inverse problems of mathematical physics. Its theoretical frame-
work has been set in publications of A.N. Tikhonov, M.M. Lavrentiev, V.K. Ivanov, as well as of their students
and followers. In many inverse problems the sought heterogeneities are located at a certain depth beneath a
layer of the medium with known parameters (in geophysics these are, as a rule, either homogeneous or layered
media). In this case the problem of continuation of geophysical fields from the land surface in the direction of
the heterogeneity position becomes one of the important tools is the hands of a practitioner.

We consider the scalar two-dimensional continuation problem

εutt + σut =
1

µ
(uxx + uyy), (x, y, t) ∈ Ω, (1)

u(0, y, t) = f(y, t), y ∈ (0, L), t ∈ (0, T ). (2)

ux(0, y, t) = g(y, t), y ∈ (0, L), t ∈ (0, T ). (3)

Here y is a horizontal variable, x stands for the depth, Ω(h) = {(x, y, t) : x ∈ (0, h), y ∈ (0, L), t ∈ (0, T )}; the
positive functions ε(x, y), σ(x, y) and µ(x, y) describe the permittivity, conductivity and permeability of the
ground, respectively. The continuation problem (1)–(3) is to find function u(x, y, t) inside the domain. This
is a general statement of the continuation problem. For instance, if ε = 0 then we obtain Cauchy problem for
parabolic equation, if σ = 0 we obtain Cauchy problem for acoustic equation, if ε = 0 and σ = 0 we obtain
Cauchy problem for Laplace equation. The continuation problem (1)–(3) is ill-posed problem, its solution is
unique, but it does not depend continuously on the Cauchy data [1, 15].
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Physical meaning of problem (1)–(3) consists in the following. A source of electromagnetic waves (3) located
on the surface x = 0 of the investigated domain (0, h)×(0, L), is switched on at the moment t = 0. The response
of the medium (2) is measured on the surface x = 0 during t ∈ (0, T ). We suppose the medium as being at
rest for t < 0. Consequently, we can add the condition

u(x, y, 0) = ut(x, y, 0) = 0, x ∈ (0, h), y ∈ (0, L).

We assume also that the support of the source function lies inside (0, L) and L is large enough to provide
the homogeneous boundary conditions

u(x, 0, t) = u(x, L, t) = 0, x ∈ (0, h), t ∈ (0, T ).

Theoretical and numerical techniques for solving different statements of the continuation problems are
presented, for instance, in [3, 2, 4, 8, 12, 16].

In this work we consider two methods fo the field continuation for Helmholtz equation from the part of the
boundary: the singular value decomposition [17] and optimization method [15].

2 Analysis of singular values

When studying acoustic or electrodynamic problems, in many cases one shifts to harmonic motions and the
Helmholtz equation. In this section we are going to analyze the singular values of a continuation problem
operator for a complex-valued formulation of the Helmholtz equation in a case of simple geometry.

A Cauchy problem for the Helmholtz equation is a well-known example of an ill-posed problem. Its solution
isn’t stable relative to the small variations of the Cauchy data [1, 15].

In [6, 14] it has been demonstrated that the ill-posedness of the Cauchy problem for the Helmholtz equation
depends on the wave number k and increases with its growth. The numerical calculations using different
methods have been presented in [5, 6, 7, 11, 10, 13, 17].

Let us consider a continuation problem for the Helmholtz equation in a homogeneous medium for simple
geometry [16]:

∆u+ k2u = 0, x ∈ (0, h), y ∈ (0, π), (4)

u(0, y) = f(y), y ∈ (0, π), (5)

ux(0, y) = 0, y ∈ (0, π), (6)

u(x, 0) = u(x, π) = 0, x ∈ (0, h). (7)

Here k2 = εω2 − iσω, ω is a frequency, ε and σ are positive constants.
The continuation problem (4)—(7) is to find the function u(x, y) in the domain x ∈ (0, h), y ∈ (0, π) using

the boundary conditions (5)–(7).
Now we formulate the continuation problem (4)—(7) as an inverse with respect to the direct problem (4),

(6) and (7) with the boundary conditions

u(h, y) = q(y), y ∈ (0, π), (8)

The inverse problem is finding the function q(y) using the additional information (5). Let us formulate the
inverse problem (4)–(8) as operator equation Aq = f and we will find the singular values of the operator A
exactly.

To find the solution of the direct problem (4), (6)–(8) we assume that q(y) is expressed as a Fourier series.
In this case, the solution of the initial direct problem (4), (6), (7) and (8) is presented as a Fourier series:

u(x, y) =

∞∑
m=1

cosh(λmx)

cosh(λmh)
q(m) sin(my).
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Here q(m) is the Fourier coefficients of q(y), λm = αm + iβm and

αm =

√√
(m2 − εω2)2 + σ2ω2 +m2 − εω2

2
, βm =

√√
(m2 − εω2)2 + σ2ω2 −m2 + εω2

2
.

Then the solution of the inverse problem (4)–(7) and (8) has the form

q(y) =
∞∑

m=1

f (m) cosh(λmh) sin(my).

Since the operator A is diagonal, the singular values of electromagnetic field continuation problem operator
(ε ̸= 0, σ ̸= 0) are expressed as:

σm(A) =

√
2√

cosh(2αmh) + cos(2βmh)
.

Now, we consider a several particular cases of singular values of operator A.
For the acoustic equation (ε ̸= 0 σ = 0) the singular values formula is expressed as [14]:

σm(A) =


1

| cos(
√
kmh)| , m2 ≤ εω2,

1
cosh(

√
kmh)

, εω2 < m2.

The singular values depend on the wave number k2m = εω2 −m2 and the ration of m, ε and ω [14]. In the
case of m2 ≤ εω2 the singular values of the operator A are limited to 1 from below. At the same time in the
case of m2 > εω2 the singular values decay to zero exponentially.

Now, let’s consider the parabolic equation (ε = 0 and σ ̸= 0). In this case

σm(A) =

√
2√

cosh(2αmh) + cos(2βmh)
,

αm =

√√
m4 + σ2ω2 +m2

2
, βm =

√√
m4 + σ2ω2 −m2

2
.

In case of the Laplace equation (ε = 0 σ = 0) the singular values decay exponentially:

σm(A) =
1

cosh(mh)
.

3 Optimization method

Let us consider the following continuation problem for an elliptic equation:

uxx + L(y)u = 0, (x, y) ∈ Ω, (9)

u(0, y) = f(y), y ∈ D, (10)

ux(0, y) = 0, y ∈ D, (11)

u(x, y) = 0, x ∈ (0, h), y ∈ ∂D (12)

with the matching conditions
f(y) = 0, y ∈ ∂D. (13)
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Here Ω = (0, h)×D, D ∈ Rn is the bounded domain with a Lipschitz boundary ∂D,

L(y)u =
n∑

i,j=1

∂

∂yi

(
aij(y)

∂u

∂yj

)
− c(y)u,

M4

n∑
j=1

ν2j ≤
n∑

i,j=1

aij(y)νiνj , ∀νi ∈ R, aij = aji, i, j = 1, . . . , n,

0 ≤ c(y) ≤M5, aij ∈ C1(D), c ∈ C(D).

Let us consider the ill-posed continuation problem (9)–(13) as the inverse problem of the following direct
problem (9), (11)–(13) and boundary condition

u(h, y) = q(y), y ∈ D, (14)

In the direct problem (9), (11)–(13) and (14) one has to find u(x, y) in the domain Ω.
The inverse problem is to determine q(y) from conditions of (9), (11)–(13) and (14) using additional infor-

mation (10).
We introduce an operator A : q(y) → u(0, y), where u(x, y) is the solution of the direct problem (9),

(11)–(13) and (14).
It follows from [15, 17] that operator A maps L2(D) to L2(D). Therefore, the inverse problem (9), (11)–(13)

and (14) can be written in the operator form Aq = f .
Let us consider a gradient method to solve the continuation problem for elliptic equation

qn+1 = qn − αnJ
′(qn).

Here αn is descent parameter. Let us consider the conjugate problem:

ψxx + L(y)ψ = 0, (x, y) ∈ Ω,

ψx(0, y) = 2
[
u(0, y)− f(y)

]
, ψ(h, y) = 0, y ∈ D,

ψ(x, y) = 0, x ∈ (0, h), y ∈ D.
The gradient of the functional J ′q can be calculated by the formula:(

J ′q
)
(y) = ψx(h, y).

It follows from [9, 15, 17] that the solution is unique and the estimate of the conditional stability holds true
of the continuation problem (9)–(13). Moreover, the number of iteration n is the regularization parameter.

4 Numerical experiment

Let us investigate numerically (see fig. 1 and 2) degree of ill-posedness of the continuation problem (4)—(7).
Let hx = Lx/Nx, hy = π/Ny and discretize the equations and boundary conditions

ui+1,j − 2ui,j + ui−1,j

h2x
+
ui,j+1 − 2ui,j + ui,j−1

h2y
+ k2ui,j = 0, i = 1, Nx − 1, j = 1, Ny − 1,

u1,j − u0,j = 0, u0,j = fj , j = 0, Ny,

ui,0 = ui,Ny = 0, i = 0, Nx,

Let us denote a = h2y, b = h2x and c = −2h2x − 2h2y + k2h2xh
2
y. Therefore

aui−1,j + bui,j−1 + cui,j + aui+1,j + bui,j+1 = 0, i = 1, Nx − 1, j = 1, Ny − 1,

Therefore we obtain the system of algebraic equations

Aq = f. (15)

Here A is a matrix of (Nx + 1)× (Ny + 1)
2
, q is unknown vector

q = (u0,0, u0,1, u0,2 . . . u0,N , u1,0, u1,1, u1,2 . . . u1,N , . . . uN,0, uN,1, uN,2, . . . uN,N ) ,

f is a vector of right hand side (boundary conditions and inverse problem data).
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Figure 1. log of singular values
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Figure 2. log of singular values
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Abstract: Algebraic reconstruction techniques are a family of powerful iterative algorithms used in com-
puted tomography. These algorithms, however, show smoothing effect which results in undesired artifacts
and thus blurs the reconstruction results. To weaken the smoothing effect, we propose new iterative algo-
rithms by incorporating non-smooth convex functions into the classical algorithms as penalty terms. We
provide the convergence results and present numerical simulations on computed tomography to illustrate
the performance.

Keywords: Algebraic reconstruction techniques, strongly convex functions, sparsity, total variation, com-
puted tomography

1 Introduction

The problems of image reconstruction from projections arise in many fields of applications. After suitable
discretization, such problems can be modelled by a system of linear equations

Ax = b, (1)

where A is an m×n system matrix, b ∈ Rm is the observed data, and x ∈ Rn is the image to be reconstructed.
In practical applications, A is in general an unstructured ill-conditioned matrix of huge size. Because b always
contains noise, the reconstruction of images from projections is a challenging subject.

For image reconstruction from projections, analytic methods form an important class of inversion methods
among which the filtered back-projection algorithm [10] is the most prominent one. These methods are based
on explicit inversion formulas and are therefore fast and inexpensive. However, analytic methods are suffered
from the metal artifacts, scanner geometries, non-uniform attenuation and other physical factors, and are
difficult to incorporate a prior information.

In contrast, algebraic reconstruction techniques (ART) do not involve explicit inversion, but use an iterative
procedure to generate a convergent sequence. They only rely on matrix-vector multiplications and therefore
are well suited for large-scale problems. Although they are slower than analytic methods, ART algorithms are
generally simple and can be easily modified to different data geometries and to restricted angular coverage.
Moreover, they are relatively easy to incorporate prior knowledge into the reconstruction process, and they
can be used to decrease radiation exposure while maintaining image quality.

The first ART algorithm is the Kaczmarz’s algorithm introduced in [9] for solving system of consistent
linear equations which was rediscovered in [6] for CT image reconstruction. This algorithm is sequential
in nature because the data from projections are applied sequentially during an iteration cycle. In order to
obtain a reconstructed image with high quality, it was advocated in [5] that, in each cycle of iterations, data
from all the projections should be applied simultaneously. Such methods are called the simultaneous iterative
reconstruction techniques (SIRT) which, mathematically, can be formulated as [11]

xk+1 = xk + µkV
−1ATW(b−Axk), k = 0, 1, · · ·
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with relaxation parameters µk > 0 and positive definite matrices V and W. Under suitable choices of V and
W, one can reproduce many well-known algorithms including the Cimmino’s algorithm [4], the simultaneous
algebraic iterative technique (SART) [1], the component averaging (CAV) algorithm [3], and the diagonally
relaxed orthogonal projection (DROP) method [2]. When V and W are diagonal matrices these algorithms
can be parallel implemented.

These classical algorithms have important application in computed tomography. However, they have the
disadvantage of smoothing effect which produces undesired artifacts and thus blurs the reconstruction results.
In order to weaken the smoothing effect, we propose new iterative algorithms by incorporating non-smooth
convex functions into the classical algorithms as penalty terms. Our methods have the splitting character that
each iteration consists of two separated steps: the first step involves only the classical ART procedures while
the second step involves only the calculation of the proximal mapping of the convex penalty function. By using
tools from convex analysis, we obtain the convergence of our methods. Numerical simulations on computed
tomography are presented to illustrate the performance.

2 The methods

We first take two positive definite matrices W and V of size m×m and n×n respectively. Using the standard
inner product ⟨·, ·⟩ with the induced norm ∥ · ∥2 on Euclidean spaces, we may introduce on Rn and Rm the
inner products

⟨x1,x2⟩V := ⟨x1,Vx2⟩, ∀x1,x2 ∈ Rn,

⟨b1,b2⟩W := ⟨b1,Wb2⟩, ∀b1,b2 ∈ Rm.

The induced norms will be denoted by ∥ · ∥V and ∥ · ∥W. If A is considered as an operator from (Rn, ∥ · ∥V)
to (Rm, ∥ · ∥W), its adjoint is given by A# = V−1ATW.

To derive our method for solving (1), according to the available a priori information on the image to be
reconstructed, we take a proper lower semi-continuous function J : Rn → (−∞,∞] satisfying J (x) ≥ J (0) = 0
that is strong convex in the sense that there is a constant c0 > 0 such that

J (λx̄+ (1− λ)x) + c0λ(1− λ)∥x̄− x∥2V ≤ λJ (x̄) + (1− λ)J (x) (2)

for all 0 ≤ λ ≤ 1 and x̄,x ∈ Rn, and determine the unique solution of (1) satisfying

min
x∈Rn

J (x) subject to Ax = b. (3)

The corresponding Lagrangian is L(x,p) := J (x) + ⟨p,b − Ax⟩W, where p ∈ Rm denotes the Lagrange
multiplier. Then the solution of (3) can be found by determining a saddle point of L if exists. Let (xc,pc) be
a current guess of a saddle point of L, we may use the Uzawa procedure to get an update (x+,p+) by

p+ = arg max
p∈Rm

{
L(xc,p)−

1

2µ
∥p− pc∥2W

}
and x+ = arg min

x∈Rn
L(x,p+)

with a suitable relaxation parameter µ > 0. Let ξc = A#pc and ξ+ = A#p+, By straightforward manipulation
it follows

ξ+ = ξc + µA#(b−Axc) and x+ = arg min
x∈Rn

{J (x)− ⟨ξ+,x⟩V} .

Because A# = V−1ATW, this motivates us to determine the solution of (3) using the iterative scheme

ξk+1 = ξk + µkV
−1ATW(b−Axk),

xk+1 = arg min
x∈Rn

{J (x)− ⟨ξk+1,x⟩V} (4)

with x0 = ξ0 = 0 and suitably chosen relaxation parameters µk > 0.
The implementation of the method (4) requires to solving a minimization problem related to J in each

iteration step. Although exact solvers are available for some J , the minimization problem in general can
only be solved inexactly. This motivates us to propose the following algorithm with inexact solvers for the
minimization problems.
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Algorithm 2.1. Let ξ0 = x0 = 0, and let {εk}∞k=1 be a non-increasing sequence of non-negative numbers
satisfying

∑
k εk <∞. For k ≥ 0 we define

ξk+1 = ξk + µkV
−1ATW(b−Axk) (5)

with suitable relaxation parameters µk > 0 and take xk+1 ∈ Rn to be any element such that

J (xk+1)− ⟨ξk+1,xk+1⟩V ≤ min
x∈Rn

{J (x)− ⟨ξk+1,x⟩V}+ εk+1.

The following result shows that Algorithm 2.1 always produces a convergent sequence {xk} and gives the
characterization of the limit even if (1) is inconsistent.

Theorem 2.1. Let J : Rn → (−∞,∞] be a proper, lower semi-continuous function that is strongly convex in
the sense of (2). Let ρ = ∥W1/2AV−1/2∥2 and σ ≤ µk ≤ (4c0 − σ)/ρ, where σ > 0 is an arbitrarily small but
fixed number. Then for the sequence {xk} defined by Algorithm 2.1 there holds limk→∞ ∥xk − x†∥ = 0, where
x† ∈ Rn is the unique element such that

J (x†) = min

{
J (x̂) : x̂ ∈ arg min

x∈Rn
∥Ax− b∥W

}
.

We next develop the block-iterative version of Algorithm 2.1. The basic idea is to rewrite (1) into an
equivalent linear system

Atx = bt, t = 1, · · · , q (6)

consisting of q equations, where At : Rn → Rmt , t = 1, · · · , q with mt < m. By applying Algorithm 2.1 to each
equation in (6) cyclically with a positive definite matrix V of size n×n and q positive definite matrices Wt of
size mt ×mt, it leads to the following algorithm.

Algorithm 2.2. Let ξ0 = x0 = 0, and let {εk}∞k=1 be a non-increasing sequence of non-negative numbers
satisfying

∑
k εk <∞. For k ≥ 0 we set ξk,1 = ξk and xk,1 = xk and for t = 1, · · · , q we define

ξk,t+1 = ξk,t + µkV
−1AT

t Wt(bt −Atxk,t)

and take xk,t+1 ∈ Rn to be any element such that

J (xk,t+1)− ⟨ξk,t+1,xk,t+1⟩V ≤ min
x∈Rn

{J (x)− ⟨ξk,t+1,x⟩V }+ εqk+t+1.

We then set ξk+1 = ξk,q+1 and xk+1 = xk,q+1.

The following theorem shows that if the linear system (6) is consistent, i.e. it has a solution, then the
sequence {xk} produced by Algorithm 2.2 is convergent and the limit is the solution of (6) with smallest
Bregman distance to x0 in the direction ξ0.

Theorem 2.2. Let J : Rn → (−∞,∞] be a proper, lower semi-continuous function that is strongly convex

in the sense of (2), Assume that (6) is consistent and that ∥W1/2
t AtV

−1/2∥2 ≤ ρ for all t = 1, · · · , q. If
σ ≤ µk < (4c0 − σ)/ρ, where σ > 0 is an arbitrarily small but fixed number, then for the sequence {xk} defined
by Algorithm 2.2 there holds limk→∞ ∥xk − x†∥ = 0, where x† is such that

J (x†) = min {J (x) : Atx = bt, t = 1, · · · , q} .

The proofs of the above two theorems will be given in [8]. The main technical difficulties on convergence
analysis come from non-smoothness of J and the inexact resolution of the minimization problems. These
difficulties can be conquered by using tools from convex analysis, in particular the Legendre-Fenchel transform
and the ε-subdifferential calculus [12].
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Examples

We give some examples covered by Algorithm 2.1; more examples can be found in [8]. We use aTi and aij
to denote the i-th row and the (i, j)-entry of A respectively. For a column vector u, u[i] denotes its i-th
component. We use In to denote the n× n identity matrix.

Example 2.1. In Algorithm 2.1 we take V = In and W = diag( 1
w1
, · · · , 1

wm
) with wi =

∑n
j=1 sj |aij |2, where

sj denotes the number of nonzero elements in column j of A, then the equation (5) becomes

ξk+1[j] = ξk[j] + µk

m∑
i=1

aij(b[i]− aTi xk)∑n
l=1 sl|ail|2

, j = 1, · · · , n.

The corresponding method is convergent for 0 < µk < 4c0 because ∥W1/2A∥2 ≤ 1. When J (x) = 1
2∥x∥

2
2 and

εk = 0 for all k, the method becomes the CAV algorithm from [3]. When taking J (x) = 1
2β ∥x∥

2
2+∥x∥1+ ιB(x)

and εk = 0, where B :=
∏n

j=1[cj , dj ] with −∞ ≤ aj ≤ bj ≤ ∞ and ιB is the indicator function of B, we obtain
the sparse version of the CAV algorithm with box constraints. We can also take J to be the (high order) total
variation (TV) like functions to improve image reconstruction.

Example 2.2. In Algorithm 2.1 we take W = diag
(

1
w1
, · · · , 1

wm

)
and V = diag (v1, · · · , vn), where

wi =
∑

{1≤j≤n:aij ̸=0}

|aij |2−α, vj =
∑

{1≤i≤m:aij ̸=0}

|aij |α

with 0 ≤ α ≤ 2, then the equation (5) becomes

ξk+1[j] = ξk[j] +
µk∑

i:aij ̸=0 |aij |α
m∑
i=1

aij(b[i]− aTi xk)∑
l:ail ̸=0 |ail|2−α

, j = 1, · · · , n.

The convergence of the corresponding method is guaranteed for 0 < µk < 4c0 as one can show that
∥W1/2AV−1/2∥2 ≤ 1, see [11]. When J (x) = 1

2∥x∥
2
V and εk = 0 for all k, the method reduces to SART in

[1] if α = 1 and to DROP in [2] if α = 0. Other choices of J can significantly improve the quality of the
reconstructed image.

3 Numerical simulations

We consider a test problem that models a standard 2D parallel-beam tomography. We use the function
paralleltomo in the MATLAB package AIR TOOLS [7] to generate a sparse matrix A, an exact solution x†

which represents the Shepp-Logan phantom of size 200×200 and an exact data b = Ax†. We then add Gaussian
white noise to b to generate a noisy data bδ with δrel := ∥bδ − b∥2/∥b∥2 = 0.01 and use it to reconstruct
x†. During computation, we terminate the iterations by the discrepancy principle ∥Axk − bδ∥2 ≤ τδ with
δ = δrel∥b∥2 and τ = 1.0001.

We first consider a full angle problem using 90 projection angles evenly distributed between 0 and 179
degrees, with 256 lines per projection. The matrix A has dimension size m = 23040 and n = 40000. In
Figure 1(a) we plot the exact Shepp-Logan phantom. In (b) we plot the reconstruction result by CAV with
nonnegativity constraint. In (c) we report the result using CAV penalized by the TV-like function

J (x) =
1

2
∥x∥22 + ∥x∥TV + ι[0,∞)n(x),

where ∥x∥TV denotes the total variation of x considered as a two-dimensional image, see [13]. We then use the
primal-dual hybrid gradient (PDHG) method ([13]) to solve the minimization problem associated with J ; the
PDHG procedure is terminated when the relative duality gap is ≤ k−1.2 at the k-th iteration of our method,
we used µk = 2; the result improves the one in (b) significantly.

We next consider a limited angle problem using 45 projection angles evenly distributed between 0 and 89
degrees, with 200 lines per projection. The matrix A now has dimension size m = 9000 and n = 40000. In Fig-
ure 2 we report the computational results obtained by SART and its variant. Figure 2(a) is the reconstruction
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(a) (b) (c)

Figure 1. Reconstruction results by the CAV algorithm and its variant with TV-like penalty

result obtained by the classical SART algorithm with µk = 2 and (b) presents the result by SART penalized
by the TV-like penalty function

J (x) =
1

2β
∥x∥2V + ∥x∥TV + ι[0,∞)n(x)

with β = 40 and µk = 2/β, where V is the diagonal matrix defined in Example 2.2; the minimization problem
associated with J is solved by the PDHG algorithm which is terminated when the relative duality gap is
≤ 4k−1.2 at the k-th iteration. It is clear that the result in (b) is much better than the one in (a).

(a) (b)

Figure 2. Reconstruction results from limited angle projections using SART and its variant.
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Abstract: Traditionally, compressed sensing assumes a linear, ill-posed or non-invertible forward model,
which is inverted with the help of non-convex constraints. Recently these ideas have been extended to non-
linear forward models. It could be shown that, under certain conditions, strong performance guarantees
available for traditional compressed sensing also hold in the non-linear case.

In this paper I will present some initial results that explore these ideas empirically on an x-ray tomographic
reconstruction problem. Using a non-linear x-ray transmission model which accounts for energy dependent
absorption, it is demonstrated that non-linear compressed sensing methods can lead to superior tomographic
reconstruction. However, it is also observed empirically that compressed sensing reconstruction not always
finds the global optimum of the non-linear compressed sensing cost function, indicating that in some cases,
the theoretical requirements are not always met.

Our results are based on an iterative reconstruction method that extends recently introduced conjugate
gradient hard thresholding algorithms to the non-linear setting. Using an efficient line search procedure, the
efficient computational method only requires the specification of the global, unconstrained cost function,
its gradient and a non-linear compressed sensing projection operator, which, in the simplest case, boils
down to the standard sparse projection operator used often in traditional compressed sensing. For x-
ray tomographic reconstruction, we show that it is of advantage to adapt this operator to enforce more
appropriate constraints.

1 Introduction

Compressed sensing [1, 2, 3] assumes that an unknown signal x ∈ RN is measured using a linear system
modelled with a matrix Φ. Observations y ∈ RM are a noisy version of the measurements

y = Φx+ e, (1)

where e accounts for the measurement uncertainty. Whilst we assume that we know Φ, the difficulty lies in
the fact that we want to estimate x from M ≪ N measurements. This is only possible if we place additional
constraints on the signal x. Compressed sensing developed around the idea of sparse models. In a sparse
model, x is assumed to have few non-zero (or few significant) coefficients. Alternatively, x might be sparse
in some transform domain, such as the wavelet domain or Fourier domain, in which case we can absorb the
inverse of the sparsifying transform into the measurement system matrix Φ. Let us thus assume that x is
(approximately) sparse, that is, x has no more than K non-zero entries where K ≪ N .

Let us also assume that we measure the error y −Φx using the squared Euclidean norm ∥y −Φx∥2. The
compressed sensing problem can then be stated as the minimisation of ∥y − Φx∥2 subject to the constraint
that x has no more than K non-zero entries. In general, this is known to be an NP hard computational
problem. It is thus customary to address this optimisation either, using relaxation of the non-linear sparsity
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constraint [1] or through the use of greedy algorithms (e.g. [4]). Surprisingly, for some measurement system
Φ, these methods provide near optimal solutions, even in a regime where we have far fewer measurements than
observations.

2 Non-linear compressed sensing

Non-linear observations

The application of compressed sensing recovery to non-linear observation models has previously been studied
in [5], where some theoretical results were studied and recovery guarantees derived. We here build on these
ideas and apply CS techniques to a more concrete application.

Let us write the non-linear observation model as

y = Φ(x) + e, (2)

where the notationΦ(·) reminds us thatΦ can be a non-linear map. In [5] it was shown that for non-linear maps
Φ(·) that are not ‘too non-linear’, sparse recovery is still possible whenever a non-linear version of the method
in [4] is used. However, the theoretical requirements are very strict and do not always hold in applications
of interest. For example, for our particular application, it is difficult to verify if these conditions hold. We
thus here concentrate on empirical evidence that supports the use of compressed sensing techniques for signal
recovery from non-linear observations.

Conjugate gradient based iterative hard thresholding for non-linear observation
models

We here use an advanced version of the recovery algorithm proposed in [5] for non-linear compressed sensing
problems. Going back to ideas in [6], Blanchard et al. [7] recently studied conjugate gradient based variations
of the IHT algorithm [4] and we here use a version of this for our non-linear observation setting.

The algorithm is developed so that it relies on two operations, for a given estimate x̂ it requires the
calculation of a cost function f(x̂) and the evaluation of its gradient g(x̂). We here use

f(x̂) = ∥y −Φ(x̂)∥2, (3)

g(x̂) = ∇∥y −Φ(x̂)∥2. (4)

The algorithm is summarised as follows:

• Input: y, Φ(·), x[0], P , f , and g
• p[0] = 0
• : Iterate (n = 1, n++) until some stopping criterion is met:

◦ T = support(x[n−1])
◦ if n = 1 or T differs from support(x[n−2])
β = 0
else
β = ∥g(x[n−1])(T )∥2

∥(g(x[n−2])(T )∥2

◦ d = −0.5g(x[n]) + β ∗ p[n−1]

◦ a = linesearch(f, g,d, T );
◦ x[n] = P (x[n−1] + ad)
◦ p[n] = d.

where linesearch() is a function that performs a line search in direction d and where P (·) is a projection
operator, such as a hard thresholding operation that sets all but the largest K (in magnitude) elements of x
to zero. Note that the notation g(x[n−1])(T ) is used here to denote the sub-vector of g(x[n−1]) with elements
defined by the current support T .
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This algorithm differs from that in [7] in the line search used. For the linear model, the optimal step size
a can be found explicitly, whilst in our case, linesearch() uses a quadratic approximation to the cost function
along direction d restricted to the support T . The step size a used is that which achieves the minimum of this
quadratic function1.

3 The non-linear x-ray model

We assume that x-rays are emitted from a point source, travel along a straight line, are attenuated by interac-
tions with matter on their flight and have their intensity measured by a one or two dimensional sensor array.
Keeping the x-ray source and detector fixed, but rotating the object under investigation, several of these x-ray
’projections’ are acquired. The goal is the reconstruction of the spatial distribution of x-ray attenuation (see
for example [8]).

For a line r in space between the x-ray source and the location where we measure x-ray intensity, we can
model x-ray attenuation using the model

I(r) =

ˆ
I0(E) exp

(
−
ˆ
r

µ(z, E)dz

)
dE, (5)

where the inner integral is along line r and µ(z, E) is the x-ray attenuation at location z and energy E. I0(E)
is the intensity of the x-ray with energy E emitted by the source along the path r.

If the x-ray source emitted photons at a single energy, then the model becomes linear after a simple trans-
formation. This linear model is often a good first approximation and most x-ray tomography reconstruction
algorithms are based on it. However, as most commercially used x-ray sources produce a spread of photon
energies, the linear model is only approximate and its use can introduce artefacts which in some settings can
lead to poor image quality. A standard approach to address these issues is to model the non-linear effect by
quantisation of the x-ray photon energies which allows us to replace the integration with a summation.

I(r) =
∑
i

I0(Ei) exp

(
−
ˆ
r

µ(z, Ei)dz

)
. (6)

One of the drawbacks of this approximation is that now, source intensity within an energy band I0(Ei) is much
harder to estimate. The other issue is that the model is now non-linear and that attenuation µ(z, Ei) needs to
be estimated for each energy band.

Spatial discretisation

For numerical purposes, a further discretisation is required, namely the discretisation of the inner integral along
the different x-ray paths. This is done typically using a spatial basis function model to approximate µ(z, Ei).
We here use the simplest approach in which we approximate µ(z, Ei) using pixels (in 2D) or voxels (in 3D)
that have constant attenuation. To be consistent with the notation in our discussion of compressed sensing, we
use the vector x(Ei) to describe the pixel/voxel attenuation (at energy level i) in the image or volume (where
we stack all pixels/voxels into a vector using some pre-specified order). The integral over each line r can then
be approximated as an inner product aTx(Ei), where the vector a accounts for the length of the ray through
each of the pixels/voxels. Finally, assuming that we stack all the intensities observed at the detector and at
all rotation angles into a vector y, we can write the model as

y = log
∑
i

I0(Ei) exp (−Ax(Ei)) . (7)

In the single energy model, we write the observations in a slightly different form, using

y = − ln
[I(r)]

I0
= Ax. (8)

1Note that in our experiments reported below, we use the support T as an indicator for the restart of the conjugate gradient
method throughout. More appropriate conditions for non-sparse models might use CG optimisation only within a subspace and
look at the difference between subspaces as suggested in [7] to determine CG restart.
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Constraints

In the non-linear model, the vectors x(Ei) can be stacked into a data matrix X. Different constraints on X are
then feasible and can be enforced (approximately) using different ”projections”. We explore several constraints
below.

1. Positivity: Elements in X are constrained to be positive. P (x) sets all negative values in X to zero.

2. Wavelet sparsity: Columns in X represent images, which are transformed using the 2 dimensional wavelet
transform, whose coefficients are stacked into a matrix W. Columns in W are the wavelet coefficients
for each energy level. P (X) sets entire rows in W to zero depending on the mean squared sum of the
row’s coefficients. After an inverse wavelet transform of each column in X, X is furthermore restricted
to be non-negative.

3. Low-rank: Matrix X is modelled as a low rank matrix, where each row is modelled as the sum of few
material absorption ”fingerprints”. P (X) is a singular value decomposition followed by a thresholding of
the singular values.

4 Empirical study

To evaluate the use of the non-linear compressed sensing approach, we generated simulated x-ray projections
using the non-linear model above, with the difference that the data was generated on a different spatial
quantisation grid from that used in the reconstruction (we rotated the original image and x-ray source and
detector location by π/4 relative to the spatial grid). We used the Shepp-Logan phantom in 2 dimensions,
quantised to a 128 by 128 pixel grid, with each grey level defining a different mixture of three materials. We
quantised the energy levels into ten bands and assumed knowledge of I0(Ei), which we generated randomly as
a decreasing vector with the steps between energy bands drawn from a uniform distribution. For each of the
three materials, material absorption within each of the energy bands was generated in the same way. We did
not add observation noise.

A fan beam geometry with linear line array was simulated with 32 rotations. We compared different
reconstruction approaches based on the linear equation (8) and the non-linear equation (7). For the linear
model we used the Algebraic Reconstruction Technique (ART), our conjugate gradient solver with sparsity in
the Haar wavelet domain (WAVELET) and a TV regularised reconstruction [9]. (ART) was initialised with
an empty image, (WAVELET) was initialised with the ART reconstruction, and all other algorithms were
initialised with the (WAVELET) reconstruction. All reconstructions were constrained to be positive.

All non-linear reconstructions used our conjugate gradient based algorithm, but differed in the constraints
used (i.e. we used different projection operators P ). The first two methods did not enforce sparsity but
used positivity (positive) and an additional low-rank constraint on the matrix X (low-rank). We also used a
combination of wavelet sparsity and positivity (wavelet) and a combination of low-rank, wavelet sparsity and
positivity (wavelet + lr).

The results are analysed in terms of their SNR. For the reconstruction based on the linear models, we used
a single estimate of x that was compared to the mean (over energy levels) of the true absorption coefficients,
whilst for the non-linear reconstruction, we got an estimate for each energy level, so compared these directly
to the attenuation coefficients for that energy level.

The results for 10 independent runs of the experiment are shown in the box plots in Figure 1. Two main
observations are in order. Firstly, the linear reconstruction is generally worse than the reconstruction based
on the non-linear model with similar constraints, e.g. the two wavelet sparsity constraint reconstructions differ
by about 2.5dB, with the non-linear model based reconstruction outperforming the linear model. Secondly,
wavelet sparsity clearly improves performance, but so does the low-rank constraint used in the non-linear
model, which basically enforces each of the regions to be a mixture of three different absorption profiles.
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Figure 1. Comparision of the different methods in terms of reconstruction SNR for linear (names CAPI-
TALISED, first three methods) and non-linear (names in lower-case, four methods on the right) models. Linear
reconstruction with ART, and conjugate gradient reconstruction imposing wavelet sparsity (WAVELET) and
total variation regularisation (TV). Non-linear reconstruction, also with a conjugate gradient solver, impos-
ing positivity (positive), wavelet sparsity (wavelet), and/or low-rank (low-rank or +lr) constraints. Non-linear
reconstruction clearly outperforms comparable linear methods.
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Abstract: Modelling signals as sparse in a proper domain has proved useful in many signal processing tasks
and, in this paper, we show how sparsity can be used to solve inverse problems. We first recall that many
inverse problems involve the reconstruction of continuous-time or continuous-space signals from discrete
measurements and show how to relate the discrete measurements to some properties of the original signal
(e.g., its Fourier transform at specific frequencies). Given this partial knowledge of the original signal, we
then solve the inverse problem using sparsity. We focus on two specific problems which have important
practical implications: localisation of diffusion sources from sensor measurements and reconstrcution of
planar domains from samples. First, we show how to reconstruct specific planar domains which are driven
by sparsity models, then we localise diffusion sources using a variation of the ‘reciprocity gap’ method and
use it also to estimate the activation time of the source.

Keywords: Prony’s method, sparsity, analytic functions

1 Introduction

The notion of sparsity, namely the idea that signals can be modelled using a small number of free parameters
has proved useful in many signal processing applications and recently sparsity has been successfully used in
sampling. In these new sampling methods, the prior that the signal is sparse in a basis or in a parametric
space is used to perfectly reconstruct classes of non-bandlimited signals from a set of suitable measurements.
Depending on the set-up and reconstruction method involved, the above sparse sampling problem goes under
different names like compressed sensing, compressive sampling [1, 2] or sampling signals with finite rate of
innovation (FRI) [3, 4].

Sampling can be seen as a particular type of inverse problem where one tries to reconstruct a certain
phenomenon or function from a set of discrete measurements. There are two types of inverse problem of this
nature that we consider in this paper.

We first put ourselves in the typical sampling setup depicted in Fig. 1 where the original continuous-time
signal x(t) is filtered before being (uniformly) sampled with sampling period T . If we call y(t) = h(t) ∗ x(t)
the filtered version of x(t), the samples yn are given by yn = ⟨x(t), φ(t/T − n)⟩ where the sampling kernel
φ(t) is the scaled and time-reversed version of h(t). In this paper we discuss extensions of this framework to
the two-dimensional (2-D) case, we thus assume that the incoming signal is a 2-D function f(x, y) and try to
reconstruct it from the discrete measurements ym,n = ⟨f(x, y), φ(x/T −m, y/T − n)⟩.

The second inverse problem we consider is depicted in Fig. 2. Here a sensor network is monitoring a diffusion
field inside a region Ω and the task is to reconstruct the entire field from the spatio-temporal measurements
given by the sensors under the assumption that the field is driven by M localised diffusion sources.

In both cases we solve the inverse problem by retrieving some continuous full-field information about
the original signal/phenomenon and then reconstruct them using proper sparsity priors. Our methods are
heavily influenced by the theory of sampling FRI signals introduced in [3, 4] and extended more recently
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T
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!

Acquisition Device

h(t)=   (!t/T) y =<x(t),   (t/T!n)>n !y(t)

Figure 1. Sampling set-up. Here, x(t) is the continous-time signal, h(t) the impulse response of the acquisition
device and T the sampling period. The measured samples are yn = ⟨x(t), φ(t/T − n)⟩.
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Figure 2. Estimation of diffusion fields driven by localised sources using a sensor network.

in [5, 6, 7, 8, 9, 10, 11]. FRI sampling theory has also had impact in other applications such as image super-
resolution [12], for depth sensing [13], for calcium transient detection [14] and in compression [15, 16, 17].

In what follows, we first discuss the problem of reconstructing 2-D domains from samples then in Section 3
we provide an overview on how to reconstruct diffusion field from sensor measurements.

2 Reconstructing classes of 2-D domains from discrete measure-
ments

For the sake of clarity, we begin by considering the 1-D case and the sampling set-up of Fig. 1. We want to
show how we can retrieve some information about the Fourier transform of x(t) from the samples yn. The
acquisition device or sampling kernel plays a central role in this context and a family of kernels that we will be
considering is the family of exponential reproducing functions. A function φ(t) is an exponential reproducing
function of order P , if together with its shifted versions, it is able to reproduce exponentials∑

n∈Z
cm,nφ(t− n) = ejωmt, (1)

for proper coefficients cm,n, with m = 0, 1, . . . , P and ωm ∈ R. For the sake of argument, we are restricting
our discussion to exponentials with purely imaginary exponents, however, the analysis can be extended to
exponentials with arbitrary complex exponents. It is possible to show that a function satisfies (1) if and only
if it meets the generalised Strang-Fix conditions [18]:

φ̂(jωm) ̸= 0 and φ̂(jωm + j2πl) = 0 l ∈ Z \ {0}

where φ̂(·) is the Fourier transform of φ(t).
Exponential reproducing kernels are important because they allow us to map the samples yn with the

Fourier transform of x(t) at jωm m = 0, 1, .., P and this independently of the property of the incoming signal.
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(a) Original indicator plane

(c) Difference image
(a) (b)

(a) Original indicator plane

(c) Difference image
(c)

Figure 3. Sampling and reconstruction of classes of 2-D domains. Here, in (a) the original domain is acquired
using exponential reproducing kernels. This leads to the samples of part (b). From these samples the Fourier
transform of the original signal at specific frequencies is obtained and then the domain is perfectly reconstructed
as shown in part (c). We refer to [19] for more details.

For the sake of clarity, assume that the signal x(t) has compact support such that it is characterised by only
N non-zero samples. Moreover, assume that T = 1. We thus have that the N samples are of the form
yn = ⟨x(t), φ(t− n)⟩, n = 0, 1, .., N − 1.

We now linearly combine the samples yn using the coefficients cn,m of Eq. (1) to obtain:

sm =
∑N−1

n=0 cm,nyn

(a)
= ⟨x(t),

∑N−1
n=0 cm,nφ(t− n)⟩

(b)
=
´∞
−∞ x(t)ejωmtdt, m = 0, 1, .., P,

where (a) follows from the linearity of the inner product and (b) is due to Eq. (1) and to the fact that x(t) has
compact support.

We note that
´∞
−∞ x(t)ejωmtdt = x̂(jωm) is precisely the Fourier transform of x(t) evaluated at jωm,

m = 0, 1, .., P .
The above derivation, therefore, shows that it is possible to obtain a partial knowledge of the continuous-

time Fourier transform of the original signal from proper discrete samples. A similar derivation can be applied
to the 2-D scenario showing that a partial knowledge of the Fourier transform of f(x, y) can be obtained from
the samples ym,n.

We are now faced with the more traditional problem of estimating the entire signal from this partial
knowledge. This can be achieved by assuming that the original signal is sparse in a proper domain. In [19], we
introduced a class of 2-D domains whose contour can be described using a small number of parameters. These
domains are therefore sparse and an example of how perfect reconstruction can be achieved from the samples
is shown in Fig. 3.

3 Inversion of Diffusion Fields

The propagation of a diffusion field follows the diffusion equation:

∂

∂t
u(x, t) = µ∇2u(x, t) + f(x, t), (2)

where u(x, t) is the field and µ is the diffusivity of the medium through which the field propagates. We assume
that the field is monitored by a sensor network over a 2-D region Ω as shown in Fig. 2. Moreover we assume
the field is generated by M sources localised in space and time. Therefore the source can be written as follows:

f(x, t) =

M∑
m=1

cmδ(x− ξm, t− τm). (3)
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Given the above assumption, the inversion problem reduces to the problem of retrieving the location and
activation time of the sources from the sensor measurements. This is because once f(x, t) has been estimated,
the field u(x, t) can be obtained by convolving f with the heat kernel. The problem is therefore sparse, because
the whole field is driven by a small number of free parameters.

As in the previous application, we want to estimate some full-field measurements of the diffusion field
from the spatio-temporal sensor readings. In the previous case, we used the exponential reproduction formula
to have an exact mapping between the samples and the Fourier transform of the original signal at specific
frequencies. In this new case, this is not possible and we can only obtain approximate full-field measurements.
The aim is to estimate the following generalized measurements:

Q(k)=⟨Ψk(x)W (t), f⟩=
ˆ
Ω

ˆ
t

Ψk(x)W (t)f(x, t)dtdV, (4)

where Ψk(x) = e−k(x1+jx2) and W (t) is a properly chosen window. By replacing (3) into (4), we obtain:

Q(k) =
M∑

m=1

cmW (τm)e−k(ξ1,m+jξ2,m).

This is a sum of exponentials and the source locations can then be estimated from this sum using Prony’s
method - a method commonly used in array signal processing [20]. The activation times are estimated in a
similar way [21]. It is possible to show [21] that these generalised samples can be obtained from the boundary
and interior sensor measurements when Ψk is analytic, which is the case here. We refer to [21] for further
details.
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Abstract: Asymptotic solution operators for the extended linearized acoustic wave equation and their
inverses play a pivotal role in seismic imaging. These operators are parameterized by a velocity function
and it is natural to study compositions of solution and inverse solution operators associated to different
velocity functions. These compositions generate a Lie group of invertible Fourier Integral Operators acting
on distributions on space-shift-extended image space. I will show that its infinitesimal generators are order
one pseudo-differential operators, anti-symmetric up to highest order, whose symbols are related to travel
time perturbations calculated routinely in reflection travel time tomography. Using these generators, I will
argue that the classical Differential Semblance Optimization functional used for seismic velocity estimation
is asymptotically positive semi-definite in a neighborhood of the true velocity.

Keywords: Seismic inverse problem, velocity estimation, migration, demigration.

1 Introduction

Seismic inversion aims at reconstructing material parameters describing the earth’s interior from seismic data,
which consist of measurements of seismic waves at the surface of the earth. The simplest model for seismic
wave propagation is the constant density acoustic wave equation

1

c2(x⃗)

∂2p(x⃗, t)

∂t2
−∆p(x⃗, t) = w(x⃗, t). (1)

Here w(x⃗, t) is a source function. Choosing w(x⃗, t) = δ(x⃗ − x⃗s)δ(t) and imposing causality, p = 0 for t < 0,
leads to the causal fundamental solution G(x⃗, x⃗s, t), which describes the response of the earth due to a point
source at x⃗ = x⃗s at t = 0. In this simple setting the task at hand is to reconstruct the velocity function c(x⃗)
from measurements of the pressure field p(x⃗r, x⃗s, t) depending on sources x⃗s and receivers x⃗r placed at the
surface of the earth, i.e. for zs = zr = 0, at time t > 0. For w(x⃗, t) = δ(x⃗ − x⃗s)w(t) the pressure field can be
written as p = w ∗G.

A fruitful approach is to assume a scale decomposition for the velocity, i.e.

c(x⃗) = c0(x⃗) + δc(x⃗), (2)

where the so-called background velocity c0(x⃗) is a smooth function which explains the kinematics of wave
propagation and where δc(x⃗) represents the singularities of the velocity function, which are responsible for
scattering of the wave field. Writing G0 for the fundamental solution of the wave equation with velocity c0 and
defining δG := G−G0, leads to the linearized wave equation

1

c2(x⃗)

∂2δG

∂t2
−∆δG =

2δc(x⃗)

c30(x⃗)

∂2G0

∂t2
. (3)

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

142

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

In this set-up seismic imaging boils down to two steps, namely a non-linear one of estimating c0 from the
reflection data and a linear one of retrieving the singular perturbation δc by inverting the solution operator
of equation (3) B[c0] : V (x⃗) = 2δc(x⃗)/c30(x⃗) 7→ δG(x⃗r, x⃗s, t). This operator is called the Born operator. Its
integral kernel is given by

B[c0] =
1

2π

ˆ
dω e−iωt(−iω)2G0(x⃗r, x⃗, ω)G0(x⃗, x⃗s, ω), (4)

where I have abused notation by using the same symbol for Green’s function and its temporal Fourier transform.
The Born operator has two key properties, which hold under rather general conditions, namely (1)B[c0] is a
Fourier Integral Operator, see [8], and (2) its normal operator B∗[c0]B[c0] is an elliptic pseudo-differential
operator, see [1, 6]. For Born data d = B[c0]δc the solution of the linear problem is therefore simply given by
δc = (B∗[c0]B[c0])

−1B∗[c0]d.
The much harder, non-linear problem of estimating c0 is referred to as the velocity estimation problem. This

problem has been studied for decades and all successful solution strategies have exploited the redundancy of
the data, which, depending on acquisition, is parameterized by up to five variables xr, yr, xs, ys and t, whereas
the velocity function only depends on 3 variables x, y and z. In these strategies one partitions the data into
3-dimensional subsets labeled by one or two redundant variables and inverts the linear problem for each such
subset. This will in general lead to solutions which depend on the redundant variable(s), unless the background
velocity model is correct. Differential Semblance Optimization as originally formulated by Symes (see [4] and
references therein) poses the velocity estimation problem as least squares minimization of the derivative of the
solution of the linear inverse problem with respect to the redundant variable(s).

A more recent formulation of this idea, aiming at making it robust for complex media in which wave fields
may develop caustics, is based on extending B[c0] to an order 0 Fourier Integral Operator B̃[c0] [3] acting on

so-called space-shift extended images i(x⃗, h⃗) with integral kernel

B̃[c0] =
1

2π

ˆ
dω e−iωt(−iω)2G0(x⃗r, x⃗+ h⃗, ω)G0(x⃗− h⃗, x⃗s, ω), (5)

Here h⃗ = (h1, h2, 0)
t is called a horizontal subsurface offset vector. It can be shown that B̃[c0] : i(x⃗, h⃗) 7→

d(x⃗r, x⃗s, t) is invertible. This means that for d = B[c0]V we have B̃−1[c0]d = V (x⃗)δ(⃗h), i.e. the inverse of the

extended Born operator acting on data focuses at h⃗ = 0 and this wouldn’t have been the case if we had applied
B̃−1[c] on the data for c ̸= c0. This simple observation leads to a strategy for finding the background velocity c

from the data: it should be such that B̃[c]−1d focuses at h⃗ = 0. This can be cast into an optimization problem

by introducing an order 0 pseudo-differential operator A which annihilates δ(⃗h) and minimizing the functional

J [c] :=
1

2

∣∣∣AB̃−1[c]d
∣∣∣2 . (6)

In this paper, I will formulate a number of results relevant for this problem. First of all, I will provide
an explicit formula for the inverse of the extended Born operator B̃−1[c]. My second result pertains to the
perturbation δB̃[c] under smooth perturbations of the background velocity. It states that B̃−1[c]δB̃[c] is an
order 1 pseudo-differential operator and provides an explicit expression for its principal symbol. This will
enable me to describe the group generated by all operators of the form B̃−1[c1]B̃[c0] in a neighborhood of
the identity and to demonstrate that the functional (6) is positive semi-definite in a neighborhood of the true
velocity. Finally, I will introduce a differential semblance form of (6) by changing coordinates from h1, h2 to
subsurface reflection angles θ, ϕ.

2 Explicit inverse of the extended Born operator

The inverse of the extended Born operator can easily be constructed from the inverse of the extended Kirchhoff
operator K̃, which I have introduced in [7]. Its integral kernel is given by

K̃ :=
1

2π

ˆ
dω e−iωtG(x⃗r, x⃗+ h⃗, ω)G(x⃗− h⃗, x⃗s, ω)

∂

∂z
. (7)
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From equations (7) and (5) one sees that K̃ and B̃ are related through B̃ = ∂2t K̃∂
−1
z . K̃ and B̃ are Fourier

Integral operators of order -1 and 0 respectively. In [7] I have shown that the inverse of K̃ is to highest order

given by K̃−1 = ψ−1Ĩ, where Ĩ : d(x⃗r, x⃗s, t) 7→ r(x⃗, h⃗) is given by

Ĩ :=
32

πc2(x⃗)

ˆ
dω (−iω)eiωtG∗

zr (x⃗+ h⃗, x⃗r, ω)G
∗
zs(x⃗s, x⃗− h⃗, ω) (8)

and ψ is an order zero pseudo-differential operator with principal symbol

sym (ψ) (x⃗, h⃗, p⃗, q⃗) :=
s2

s+s−

s+eα,3 + s−eβ,3
s−eα,3 + s+eβ,3

. (9)

Here s := 1/c, s+ := s(x⃗ + h⃗), s− := s(x⃗ − h⃗) and eα,3, eβ,3 are the z-components of unit tangents e⃗α and e⃗β
to rays from x⃗ + h⃗ and x⃗− h⃗ to receivers x⃗r and sources x⃗s at the surface z = 0 respectively. These rays are
well defined through an invertible map M : (x⃗r, x⃗s, t, κ⃗r, κ⃗s, ω) ∈ T ∗Y 7→ (x⃗, h⃗, p⃗, q⃗) ∈ T ∗X and e⃗α and e⃗β can

be expressed as functions of x⃗, h⃗, p⃗ and q⃗ by

e⃗α,h :=
p⃗h + q⃗

2ωs+
, e⃗β,h :=

p⃗h − q⃗

2ωs−

eα,3 :=
√

1− (e⃗α,h)2, eβ,3 :=
√

1− (e⃗β,h)2, (10)

where

ω(x⃗, h⃗, p⃗, q⃗) :=
sgnp3√

a

√
b−

√
b2 − ac,

a(x⃗, h⃗, p⃗, q⃗) := (s2+ − s2−)
2,

b(x⃗, h⃗, p⃗, q⃗) := (s2+ + s2−)p
2
3 + (s2+ − s2−)(p⃗h · q⃗),

c(x⃗, h⃗, p⃗, q⃗) := p43 + p23(p⃗
2
h + q⃗ 2) + (p⃗h · q⃗)2. (11)

Result 2.1. The inverse of the extended Born operator B̃ is given by

B̃−1 = SB̃∗(−∂zr∂zs∂−4
t ), (12)

where S is a symmetric, positive definite pseudo-differential operator of order 2 with symbol

sym (S) =
32

p3
ω
√
b2 − ac. (13)

3 Infinitesimal perturbations and a Lie group

From here on I will use slowness s(x⃗) := 1/c(x⃗) rather than velocity to parameterize operators. I will consider
the operator B̃[s]−1δB̃[s], where δB̃[s] is the first order perturbation of B̃[s] under a smooth perturbation δs(x⃗)
of the background slowness model s(x⃗).

Result 3.1. The operator P [s, δs] := B̃[s]−1δB̃[s] is a pseudo-differential operator of order 1 with symbol

sym (P ) (x⃗, h⃗, p⃗, q⃗) = iω(x⃗, h⃗, p⃗, q⃗) δT (x⃗, h⃗, p⃗, q⃗), (14)

where ω(x⃗, h⃗, p⃗, q⃗) is defined in (11) and δT (x⃗, h⃗, p⃗, q⃗) is the travel time perturbation resulting from the smooth

slowness perturbation δs(x⃗) along rays from x⃗ + h⃗ to a receiver x⃗r and from x⃗ − h⃗ to a source x⃗s determined

by their unit tangents e⃗α(x⃗, h⃗, p⃗, q⃗) at x⃗+ h⃗ and e⃗β(x⃗, h⃗, p⃗, q⃗) at x⃗− h⃗ defined in equations (10). Moreover, P
is to highest order an anti-symmetric operator.

Remark 3.1. Notice that the operator P [s, δs] is non-linear in s and linear in δs.
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Now consider the group of operators generated by products of the form B̃−1[s2]B̃[s1], where ∆s := s2 − s1
is a finite slowness perturbation. Using terminology from seismic imaging, I will refer to this group as the
migration-demigration group. The curve

g12(t) := B̃[s1 + t∆s]−1B̃[s1], 0 ≤ t ≤ 1, (15)

connects the element B̃[s2]
−1B̃[s1] = g12(1) of this group to the identity 1 = g12(0). Using result 3.1 and

remark 3.1, one easily derives

dg12(t)

dt
= −B̃[s1 + t∆s]−1

(
d

dt
B̃[s1 + t∆s]

)
B̃[s1 + t∆s]−1B̃[s1]

= −B̃[s1 + t∆s]−1 lim
ϵ→0

ϵ−1
(
B̃[s1 + (t+ ϵ)∆s]− B̃[s1 + t∆s]

)
g12(t)

= −P (s1 + t∆s,∆s]g12(t). (16)

The second argument of P in this formula is a finite slowness perturbation. The symbol of P (s1 + t∆s,∆s] is
given by formula (14) with δT replaced by ∆T , the travel time perturbation due to the slowness perturbation
∆s. This travel time perturbation is calculated by integrating ∆s over ray trajectories in the slowness model
s1 + t∆s.

Writing P12(t) := P (s1 + t∆s,∆s], the differential equation for g12(t) takes the compact form

dg12(t)

dt
= −P12(t)g12(t). (17)

This shows that the operators P12(0) = P (s1,∆s) are inifinitesimal generators for the migration-demigration
group. The following theorem is a classical result by Magnus [2].

Theorem 3.1. Let g12(t) satisfy (17), then ∀t ∈ [0, T ) such that
´ T
0
dt′||P12(t

′)|| < π there exists an order 1
pseudo-differential operator Ω12(t), anti-symmetric up to highest order, such that

g12(t) = eΩ12(t). (18)

Explicitly, Ω12 =
∑

n≥1 Ω
(n)
12 , where Ω

(n)
12 is defined recursively using the Bernoulli numbers Bj:

Ω
(1)
12 (t) = −

ˆ t

0

dτP12(τ),

Ω
(n)
12 (t) = −

n−1∑
j=1

Bj

j!

∑
k1+k2+···kj=n−1

k1≥1,k2≥1,...kj≥1

ˆ t

0

dτ [Ω
(k1)
12 (τ), [Ω

(k2)
12 (τ), · · ·

· · · [Ω(kj)
12 (τ), P12(τ)] · · · ]], (n ≥ 2). (19)

Remark 3.2. Using result 2.1 it is clear that the modification B̂[s] := B̃[s]S[s]1/2 leads to a group of unitary
operators generated by B̂−1[s1 + t∆s]B̂[s1], which can be written as the exponential of an order 1 pseudo-
differential operator Ω̂12(t), which is antisymmetric for all orders.

4 Asymptotic convexity of velocity estimation

I now return to the functional (6), assuming data of the form d(x⃗r, x⃗s, t) :=
(
w ∗ B̃[s0]r0

)
(x⃗r, x⃗s, t), r0(x⃗, h⃗) :=

V (x⃗)δ(⃗h). The connection with the migration-demigration group is immediate as

B̃[s]−1d = B̃[s]−1B̃[s0]B̃[s0]
−1w ∗ B̃[s0]r0 = B̃[s]−1B̃[s0]w̃r0. (20)

It is easy to see that w̃ := B̃[s0]
−1w ∗ B̃[s0] is given by

(w̃r) (x⃗, h⃗) =

ˆ
d3pd2q e−ip⃗·x⃗e−iq⃗·⃗hŵ(ω(x⃗, h⃗, p⃗, q⃗))r̂(p⃗, q⃗), (21)

where ŵ is the Fourier transform of w. Notice that for band limited signals w̃ is a pseudo-differential operator
of order −N for all N > 0. Consequently, w̃r is a square integrable function.
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Result 4.1. In a neighborhood of the true model s0, the functional (6) can be approximated up to second order
in ∆s := s− s0 by

J [s] =
1

2

∣∣∣∣∣∣Q(s0,∆s)w̃r0

∣∣∣∣∣∣2 + · · · , (22)

where Q(s0,∆s) := [A, P (s0,∆s)] is a symmetric, order 0 pseudo-differential operator and where the dots
represent terms bounded by C|Aw̃r0| for some C > 0. The latter become insignificant if we increase the

bandwidth of our source function, because then w̃r0 → r0 = V (x⃗)δ(⃗h), so Aw̃r0 → 0. Consequently, J [s] is
asymptotically positive semi-definite.

5 A differential semblance form

Let R : i(x⃗′, h⃗) 7→ r(x⃗, θ, ϕ) be the Fourier Integral Operator with integral kernel

R :=
1

(2π)3

ˆ
d3p

p3
|p⃗ |

eip⃗·(x⃗
′−x⃗)e−ip3k⃗(p⃗,θ,ϕ)·⃗h, (23)

where

k⃗(p⃗, θ, ϕ) :=
tan θ√
p21 + p22

[
cosϕ

(
p1
p2

)
+

|p⃗ | sinϕ
p3

(
−p2
p1

)]
. (24)

It is easy to check that R is invertible and by Egorov’s theorem RAR−1 is an order 0 pseudo-differential
operator, acting on angle-azimuth dependent image gathers. I now choose a special vector-valued annihilator
A⃗, which in case of a smooth reflector passing through x⃗ corresponds to projecting h⃗ on its tangent plane
at x⃗ and scaling it by the inverse of the cosine of the dip angle. This annihilator has a simple form in θ, ϕ
coordinates.

Result 5.1. Let A⃗ be defined by

A⃗ : =
1

(2π)5

ˆ
d3pd2qeip⃗·(x⃗

′−x⃗)eiq⃗·(h⃗
′−h⃗)f⃗(p⃗, h⃗),

f⃗(p⃗, h⃗) : =
1√

p21 + p22

(
1 0
0 |p⃗ |/p3

)(
p1 p2
−p2 p1

)(
h1
h2

)
. (25)

Then

RA⃗R−1 =

(
cosϕ − sinϕ
sinϕ cosϕ

)(
cos2 θ 0
0 cot θ

)(
∂θ∂

−1
z

∂ϕ∂
−1
z

)
. (26)
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Abstract: Although the continuous progresses in the design of devices which reduce the distorting effects
of an optical system, a correct model of the point spread function (PSF) is often unavailable and in general it
has to be estimated manually from a measured image. As an alternative to this approach, one can address
the so-called blind deconvolution problem, in which the reconstruction of both the target distribution
and the model is performed simultaneously by considering the minimization of a fit-to-data function in
which both the object and the PSF are unknown. Due to the strong ill-posedness of the resulting inverse
problem, suitable a priori information are needed to recover a meaningful solution, which can be included
in the minimization problem under the form of constraints on the unknowns. In this work we consider
a recent optimization algorithm for the solution of the blind deconvolution problem from data affected
by Poisson noise, and we propose a strategy to automatically select its parameters based on a measure
of the optimality condition violation. Some numerical simulations on astronomical images show that the
proposed approach allows to provide reconstructions very close to those obtained by manually optimizing
the algorithm parameters.

Keywords: blind deconvolution, gradient projection methods, astronomical imaging

1 Blind deconvolution

Blind deconvolution occurs when the measured data g is the convolution between an unknown target x and an
unknown point spread function (PSF) h [1]. If object and PSF are two-dimensional distributions (stacked in
two n-vectors) and the registration step introduces Poisson noise on the measured image, blind deconvolution
can be reformulated as the constrained optimization problem

min
x∈Ωx,h∈Ωh

KL(x,h), (1)

where Ωx and Ωh are the feasible sets of x and h, respectively, KL(x,h) is the generalized Kullback–Leibler
divergence [2] defined as

KL(x,h) =
n∑

i=1

{
gi log

(
gi

(x⊗ h+ b)i

)
+ (x⊗ h+ b)i − gi

}
, (2)

b is a (known) background radiation and ⊗ denotes the convolution operator.
Problem (1) is particularly challenging, since the objective function is nonconvex and the large size of the
images makes the use of second order methods impractical. In a recent paper [3] we adapted an alternat-
ing minimization method proposed by Bonettini [4] for a general smooth objective function under separable
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constraints to the blind deconvolution problem and we applied the resulting scheme to the reconstruction of
astronomical images. In particular, the sets of constraints driven by the application were

Ωx = {x ∈ Rn | x ≥ 0},

Ωh = {h ∈ Rn | 0 ≤ h ≤ s,
n∑

i=1

hi = 1},

being s an upper bound on the PSF deduced by the so-called Strehl ratio (SR) of a given adaptive optics
(AO) system, i.e. the ratio of peak diffraction intensity of an aberrated versus perfect waveform which can be
estimated from the telescope and image features (see e.g. [5]).

The alternating minimization strategy consists in starting from an initial guess (x(0),h(0)) and defining

(x(k),h(k)) (k = 1, 2, . . .) as approximate solutions of the two subproblems

min
x∈Ωx

KL(x,h(k−1)) (3)

min
h∈Ωh

KL(x(k),h) (4)

obtained by performing N
(k)
x ≤ Nx and N

(k)
h ≤ Nh iterations of the scaled gradient projection (SGP) algo-

rithm (Nx, Nh ∈ N fixed) [6, 7, 8, 9] - see Algorithm 1. Since SGP is exploited for the inexact solution of the
subproblems, the algorithm has been called cyclic scaled gradient projection (CSGP) method. The proposed
strategy resulted to be particularly attractive in the blind deconvolution of stellar fields since a) several numer-

ical experiments showed that for that kind of images the choice N
(k)
x = 50 and N

(k)
h = 1 for all k leads to very

accurate reconstructions of both the stars and the PSF, and b) the addition of a regularization term or the
introduction of an early stopping rule is not required thanks to the sparseness of the KL minimizers [10, 11].
As concerns diffuse objects, both advantages fails, since the optimal inner iteration numbers are problem-
dependent and an early stopping of the alternating procedure is mandatory to avoid an increase of the recon-

struction errors. In the next sections we propose a possible rule to automatically select the inner (N
(k)
x , N

(k)
h )

and outer (k) iteration numbers and we test the effectiveness of the resulting method in some of the numerical
experiments performed in [3].

Algorithm 1 Cyclic scaled gradient projection (CSGP) method

Choose the starting point x(0),h(0) and the inner iterations numbers Nx, Nh ≥ 1.

For k = 1, 2, ... do the following steps:

Step 1. Compute x(k) with N
(k)
x ≤ Nx SGP iterations applied to subproblem (3) starting from the

point x(k−1)

Step 2. Compute h(k) with N
(k)
h ≤ Nh SGP iterations applied to subproblem (4) starting from the

point h(k−1)

End

2 Projected gradient norm decrease

The rule we adopted for the inner iterations is the one proposed in [4] in the non-negative matrix factorization
(NMF) framework and is similar to that suggested in [12]. The result exploited to design the stopping rule is
the fact that any limit point (x,h) of the sequence generated by CSGP is stationary, i.e. is a point in which
the projected gradient

∇PKL(x,h) = (PΩx(x−∇xKL(x,h))− x︸ ︷︷ ︸
∇P

xKL(x,h)

, PΩh
(h−∇hKL(x,h))− h︸ ︷︷ ︸

∇P
hKL(x,h)

)
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Table 1. Reconstruction errors with manual (M) and automatic (A) choice of the iteration numbers.
Image SR ObjM ObjA PSFM PSFA

Crab
0.67 11% 13% 6.7% 11%
0.40 12% 14% 12% 18%

Galaxy
0.67 14% 16% 7.4% 11%
0.40 16% 19% 16% 17%

vanishes (here PΩ denotes the Euclidean projection operator onto Ω) [4, 13]. It follows that a possible stopping
rule for the inner iterations can be designed as a function of the relative projected gradient norm decrease, e.g.
by choosing as an approximate solution of subproblem (3) the first inner iteration ℓ for which x(k−1,ℓ) satisfies

∥∇P
xKL(x

(k−1,ℓ),h(k−1))∥ ≤ η(k)x ,

where the sequence {η(k)x } is initialized as η
(0)
x = 10−3∥∇P

xKL(x
(0),h(0))∥ and defined by

η(k)x =

{
0.1 · η(k−1)

x if η
(k−1)
x ≥ ∥∇P

xKL(x
(k−1,1),h(k−1))∥,

η
(k−1)
x otherwise.

The stopping rule for the inner iterations ℓ of subproblem (4) is analogous and is given by

∥∇P
hKL(x

(k),h(k−1,ℓ))∥ ≤ η
(k)
h ,

where again the sequence {η(k)h } is initialized as η
(0)
h = 10−3∥∇P

hKL(x
(0),h(0))∥ and defined by

η
(k)
h =

{
0.1 · η(k−1)

h if η
(k−1)
h ≥ ∥∇P

hKL(x
(k),h(k−1,1))∥,

η
(k−1)
h otherwise.

In few words, the rationale behind the choice of the adaptive parameters η
(k)
x and η

(k)
h is to decrease the

tolerance for the stopping criterion if satisfied at the first inner iteration, thus forcing SGP to perform at least
two steps in each subproblem.
As concerns the number of outer iterations, we followed the suggestion in [4] and stopped the alternating
algorithm when

∥∇PKL(x(k),h(k))∥ ≤ 10−4∥∇PKL(x(0),h(0))∥.

3 Numerical experiments

We considered four datasets described in [3] and created by using the HST images of two astronomical objects
(the crab nebula NGC 1952 and the spiral galaxy NGC 6946) and two AO-corrected PSFs with different SR
(0.67 and 0.40) (see [3] for more details on the images generation). The original and corrupted images are
shown in Figure 1. We initialized the alternating algorithm by choosing a constant image x(0) with total flux
equal to the background-subtracted measured image, and the autocorrelation of the ideal PSF of the telescope
as h(0). The relative Euclidean error ∥h∗ − h(0)∥/∥h∗∥ between the true PSF h∗ and the initial one h(0) is
32% when SR=0.67 and 54% when SR=0.40. The best reconstruction errors obtained by CSGP have been
computed in [3] by manually tuning the inner and outer iterations and are reported in Table 1 (suffix ‘M’)
together with those provided by the automatic rules described in the previous section (suffix ‘A’). Moreover,
in Figure 2 we show the reconstructed images for all the four datasets.
From both the numerical values of the reconstruction errors and the pictures of the restored images we can
conclude that the proposed rules for the early stopping of the inner subproblems and the outer iterations
succeed in providing satisfactory performances, with resulting objects very close to the “optimal” ones. As
concerns the PSFs, the reconstruction errors are slightly higher than those achieved with the optimal, manually
tuned parameters choice, even if notable decreases with respect to the initial values are nevertheless obtained.
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Figure 1. Crab nebula (top row) and spiral galaxy (bottom row): true objects (left column) and blurred and
noisy images (middle column: SR=0.68, right column: SR=0.40).

4 Conclusions

In this paper we extend a recent work on blind deconvolution from Poisson data by introducing an automatic
tuning of the CSGP algorithm in the case of diffuse objects. The proposed rule is based on the decrease of
the norm of projected gradient and has been already used in NMF problems. Some numerical tests showed
that the automatic rule succeeds in providing reconstructions close to the optimal ones, even if with slightly
worse PSFs. Future work will involve the introduction of suitable regularization terms and boundary effect
corrections [14, 15], as well as the generalization of the approach to blind deconvolution problems with multiple
images provided by a Fizeau interferometer [16].
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Abstract: The restoration of astrophysical images is a classical application of inverse problems. The
astronomical object is first blurred by the Point Spread Function of the instrument-atmosphere set. The
resulting convolved image is corrupted by a Poissonnian noise in reason to low light intensity, then a
Gaussian white noise is added during the electronic read-out operation by the Charge Coupled Device
(CCD) camera, leading to a ”Poisson Gaussian” density. Two basic cases with positivity constraints have
been first considered, either a pure Poisson noise leading to the so-called Richardson Lucy algorithm or
a pure Gaussian additive noise corresponding mainly to infrared experiments with a high intensity level,
leading to the so-called ISRA algorithm. The complete model corresponding to the Poisson Gaussian process
has been also developed. A more recent technology proposes to acquire astrophysical data with Low Light
Level CCD (L3CCD) cameras in order to avoid the read-out noise. The physical process leading to the data
has been previously described by a ”Poisson Gamma” density. We propose to discuss the statistical models
including the read-out noise in the CCD and L3CCD cases. Results are given on synthetic astrophysical
data chosen to discuss the interest of one technology over the other according to the considered experiments.

Keywords: L3CCD detectors, statistical models, deconvolution

1 Introduction

This paper deals with the restoration of astrophysical images. Generally and until recently, the astrophysical
objects are acquired using charge coupled devices (CCD) cameras, leading to a read-out noise additive Gaussian
on the data after photoconversion. For very low intensities data, the variance of the read-out noise is of the
same order as most of the intensities of the image leading to unrecoverable distorsion. Recently, the low light
level charge coupled devices (LLLCCD or L3CCD) have been developed. The L3CCD’s amplify the signal prior
to the readout process resulting in a subelectron effective readout noise. This combined with high quantum
efficiency make their use very interesting for interferometric detectors. Here we propose to study the effect
that the use of an L3CCD would have on image restoration. A probability density model has been proposed in
([Basd04, Basd03]) which is the one commonly used until now. A slightly modified version has been proposed
in ([They06]) and used for image restoration. However both of them neglect the residual read-out noise and
we propose another model in order to include it, leading to a Poisson-Gamma-Gaussian (PGG) model. The
objective of this paper is to study and compare qualitatively and quantitatively image restoration in the CCD
acquisition versus the L3CCD. For the comparison, the complete model including the read-out noise will be
used to construct the algorithm in both cases.

A brief description of the physical process is given in section 2. A PGG model for the output of the L3CCD
is discussed in section 3. Section 4 resumes the iterative algorithm used and its application to the model of
interest . Finally, some numerical results are shown in the section 5.
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2 Optical astronomy imagery

The light emanating from the object of interest is propagated through a turbulent atmosphere and is focused
onto the Charge Coupled Device (CCD or L3CCD) by an imperfect optical system that limits the resolution
and introduces aberrations. The detector is read by an electronic process that adds a white Gaussian read-out
noise:

x
convolution→ Hx

Poisson→ n
Gaussian→ z, (1)

with
z = n+ b, n ∼ P(Hx), b ∼ N (0, σ2

CCD) (2)

In the case of L3CCDs, the Poisson process n is amplified, in a stochastic way, giving a process y prior to
read-out, giving a supplementary step in the previous sheme:

x
convolution→ Hx

Poisson→ n
Avalanche→ y

Gaussian→ z, (3)

For more details of the data model of the CCD camera, see ([Nuñe93, Snyd85, Bert04, Lant05, They05,
Benv08]).

3 Statistical description

The L3CCD camera has the same architecture than the CCD one but with an extended output register that
creates avalanche multiplication, at each step an electron creates another electron with a probability p, p is
very small, between 0.01 and 0.02 but the number of elements of the register is very high leading to a mean
gain between 400 and 1000. To obtain a model of the data in output the probability density of the avalanche
process is needed. Basden and Haniff (2003) propose a Gamma distribution to describe it, in the following we
discuss and justify this choice.

The avalanche process can be viewed as a kind of branching process, ([Harr72]). A branching process is
a Markov process that models a population in which each particle in step k produces some random number
of particles in generation k + 1, according to a fixed probability distribution that does not vary from particle
to particle. In our case, the number of particles at step 0, X0, corresponds to the Poisson process n and the
number of particles at the output XK corresponds to the process y. At the intermediate step k+1, the number
of particles Xk+1 is equal to the number of particles at step k, Xk, plus as much Bernoulli variables as Xk,
this can be mathematically described by:

Xk+1 = Xk +B1 + . . .+BXk
, X0 = n, (4)

with Bk, Bernoulli r.v iid, Bk ∼ B(p) where p is the probability to create another particle. From this equation,
the mean and the variance of Xk+1 can be computed. The mean is given by:

E[Xk+1] = (p+ 1)k+1n = G(p+ 1)n. (5)

Then, we see clearly that the process n is multiplied ”in mean” by a gain G = (p+ 1)k . In the same way, we
can compute the variance of Xk+1, given in the following equation:

var[Xk+1] = nq
(
(p+ 1)2k+1 − (p+ 1)k

)
, (6)

with q = 1 − p. For a large number of stages k and p very small (q ≈ 1) the mean and the variance can be
approximated by:

E[Xk+1] ≈ Gn var[Xk+1] ≈ nG2. (7)

Expressions of the mean and the variance allow to fit the output y with a Gamma law of parameters n and G:

y ∼ G(n,G) = yn−1

GnΓ(n)
exp(−y/G). (8)

In order to verify numerically the validity of this proposition, we have plotted the Gamma probability and the
result of the avalanche process for p = 0.01 and K = 400 for n = 1, 2, 10 on Fig. 1. Correspondance between
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Figure 1. Gamma law versus avalanche process for n = 1, 2, 10

the avalanche process and the Gamma law is relatively good. In the experiments, data will be simulated with
an avalanche process while the algorithm will be derived by using the Gamma law. Usually, the Gaussian noise
is neglected in both the CCD and L3CCD cases. Here we propose to take it into account. In the following,
subscript i denotes the pixel i of the image lexicographically ordered. The density probability of zi is:

p(zi) =
∑
yi

p(zi|yi)p(yi), (9)

with

p(yi) =
∑
n

p(yi|n)p(n) =
∑
n=1

p(yi|n)p(n) + p(yi|n = 0)p(n = 0), (10)

p(yi|n) is a Gamma distribution and p(n) is a Poisson distribution, Eq. 3 then p(yi) is a ”Poisson Gamma”
distribution:

p(yi) =
∑
n=1

yn−1
i exp(−yi/G)

Γ(n)Gn

exp(−(Hx)i)(Hx)ni
n!

+ exp(−Hx)iδyi,0. (11)

The first term of Eq. 11 is the one proposed by Basden et al., ([Basd04]), the second term completes the
distribution for n = 0. p(zi|yi) is a Gaussian distribution, p(zi|yi) = N (yi, σ

2). Finally p(zi) is a ”Poisson
Gamma Gaussian” distribution:

p(zi) =
1

σ
√
2π

exp(−(Hx)i)

(∑
yi

(
exp

(
− (zi − yi)

2

2σ2
− yi
G

) ∞∑
n=1

(Hx)ni y
n−1
i

n!Γ(n)Gn

)
+ exp

(
− z2i
2σ2

)
δyi,0

)
. (12)

4 Deconvolution algorithm

The problem is to restore the object x from the data z with the constraint x ≥ 0 and the total intensity
conservation, H being generally obtained via separated calibration measurements. A classical solution is to
derive an iterative algorithm founded on the Maximum Likelihood Estimation (MLE). From Eq. ( 12) and
with assumption of independence between pixels, the negative log-likelihood for the image is :

J(x) = −
∑
i

log p(zi;x). (13)

Then the MLE is obtained by minimizing J(x) versus x with constraints:

min
x
J(x) + γJ2(x) s.t xi ≥ 0 and

∑
i

xi =
∑
i

zi, (14)

where J2(x) is a possible regularization term. A solution is to construct an iterative algorithm from the
gradient, the used method is the so-called SGM. The algorithm cannot be detailed here by lack of space but it
has been developped and used in numerous papers, see for example ([Lant02, Lant01, Lant05, They05]).
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After computations, the gradient of J , for the pixel i can be written following eq. 15:

(∇J(x))i =
∑
j

(hji − hjirj), rj =
pj
qj

(15)

with

pj =
∑
yi

(
exp(− (zj − yi)

2

2σ2
− yi
G
)
∑
n

n(Hx)n−1
j yn−1

i

n!Γ(n)Gn

)
(16)

and

qj =
∑
yi

exp(− (zj − yi)
2

2σ2
− yi
G
)
∑
n

(Hx)nj y
n−1
i

n!Γ(n)Gn
+ exp(− (zj)

2

2σ2
)δyi,0. (17)

Numerical computations show that limiting the sum over yi around to zi ± 3σ is sufficient and in this case, an
approached expression for rj can be found:

rj ≈
0F1[1,

(Hx)jzj
G ]

0F1[2,
(Hx)jzj

G ]
(18)

where 0F1() is the confluent hypergeometric function.

5 Numerical illustrations

and conclusion The proposed algorithm has been illustrated on a picture taken from the Hubble Space Telescope
(HST) site, http://hubblesite.org/gallery/. It is a sun-like star nearing the end of its life, Fig. 2(a). The
data have been blurred with a synthetic but realistic normalized space invariant PSF, Fig. 2(b). To stop the
iterative procedure before noise amplification and/or to check the quality of the restoration process, we use
the normalized squared Euclidean distance. Fig. 3 compares reconstruction by using a CCD detector, σ2 = 4,
versus a L3CCD detector , σ2 = 25 for 1000 photons in the whole image. Fig. 3(a) is the CCD raw picture,
Fig. 3(b) is the L3CCD raw picture. Figs. 3(c) and 3(d) are the best reconstructions respectively for the
CCD and the L3CCD acquisitions. The mean and the standard deviation of the reconstruction error has been
computed over 50 noise realizations as a function of the number of photons for CCD and L3CCD cases, fig. (
4) and fig. ( 5) shows a result with a L1 regularization term.
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6 Conclusion

An iterative reconstruction algorithm has been proposed to deconvolve Poisson-Gamma-Gaussian data, statis-
tics derived from a L3CCD acquisition. First results on deconvolution of astrophysical images acquired with
L3CCDs are given. They show mainly the effectiveness of such detectors for imaging in very low light level
situations. These results compared with those obtained using data acquired with classical CCDs, emphasize
the interest of such cameras in the case of very low intensity imagery.
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Abstract: Planck and WMAP missions measure temperature fluctuations on the microwave and far infra-
red range with high resolution, providing crucial information over the full sky on galactic, extra-galactic
and cosmological signals. Source separation is required to disentangle these emissions and is one of the
major scientific challenge in these missions. We focus in this work in estimating point-source contribution
to the microwave data using morphological information. We propose a new method (SPSR, for Sparse Point
Source Removal) to estimate their flux and subtract their contribution to the data. As in morphological
component analysis (MCA), the sky on the sphere is modeled as a superposition of sparse signals in different
bases or frames, and at different locations in the sky: background (diffuse) emissions, point sources, and
galactic compact sources in the galactic plane. Additional constraints are also enforced such as positivity of
the fluxes and background band-limited. Source separation is achieved by solving a sparse convex problem
using a primal-dual algorithm. We compare this approach to a standard local low-order polynomial fitting
on realistic simulations of the sky and show results on WMAP-9-year data.

Keywords: Cosmology : CMB, Data Analysis, Methods : Primal-dual

1 Introduction

Planck and WMAP missions measure temperature fluctuations on the microwave and far infra-red range with
high resolution. Their primary goal is to measure the full-sky anisotropies of the Cosmic Microwave Background
(CMB) so as to provide key information on the birth and evolution of our universe. They also provide crucial
full-sky information on all emissions in wavelengths that have not been probed before, either originating from
our galaxy (synchrotron, free-free, dust, galactic compact sources for instance) or emitted by other galaxies
(extra-galactic sources), or of cosmological origin. Source separation is required to disentangle these signals
and is one of the major scientific challenge in these missions.

In particular, bright point-source emissions can be detected in a significant fraction of the sky [1, 2], even in
regions where the CMB is dominating other diffuse signals at high galactic latitudes. These emissions therefore
need to be separated from diffuse emissions for accurate data analysis. Contrary to diffuse emissions, these
sources display spectral variability and therefore classical source separation techniques, based on factoring
spatial and multichannel information, cannot be used. A significant fraction of the radiosources also varies
with time [2] and so their flux needs to be assessed independently for each dataset. The most discriminative
information for these sources is based on morphology: point-sources are unresolved and the shape of there
emission is given by the Point Spread Function (PSF) of the instrument at the wavelength considered. This
information is already employed for source detection and flux estimation techniques [3, 4, 2].

In this work, we propose a new strategy to estimate the flux of the detected point-sources for point source
removal, which is based on a morphological source separation method. In section 2, we describe this method
along with the proposed primal-dual algorithm. Results on compact source removal in full-sky WMAP sim-
ulations and data are presented in section 3, where our approach is compared to the standard flux fitting or
low-order polynomial background fitting as performed in WMAP and Planck [1, 2].
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2 Sparse Point Source Removal

We consider each microwave channel data over the full sky y as composed of three components {x1,x2,x3} all
being square-integrable fields on the unit sphere S2: the point-sources, the extended compact sources and the
diffuse emissions, gathering CMB, synchrotron, free-free and dust emissions as well as low flux point-sources
that cannot be detected. In the rest of the paper, we consider a finite dimensional setting: {y,x1,x2,x3} are
considered as column vectors in RNe . The forward model is therefore:

y = x1 + x2 + x3 + n , (1)

where n ∈ RNe is an additive noise. The associated ill-posed inverse problem, composed of three unknowns
for one equation, needs regularization to be solved. We first assume that point-sources have been detected
and their position are available in catalogs (as in WMAP or Planck data). x1 is modeled as x1 = Bf where
B ∈ MNe×Np(R) is the operator implementing the local projection of the beams at the position of the Np

sources, and f ∈ RNp

+ is the vector of fluxes enforced to be positive.

Morphological information is weaker for extended compact sources and we adopt a multi-scale model in
the galactic region for them, as typically performed for detection. More precisely, we assume these emissions
are sparse in an undecimated nearly-isotropic spherical wavelet dictionary[5]: x2 = MWw, where M ∈
MNe×Ne(0, 1) is a galactic mask, W ∈ MNe×(NsNe)(R) indicates the wavelet reconstruction operator and w
is the vector of wavelet coefficients.

The background emission x3 is usually assumed to be locally smooth, and modeled as a local low-order
polynomial background (either baseline, or first order). In this work we consider a more flexible model to
capture its fluctuation on S2: we assume it is sparse in spherical harmonics (see [6]). Furthermore we assume
x3 ∈ D, the set of band-limited function on the sphere with a maximal non-zero multipole ℓm. In the following,
S denotes the spherical harmonic transform up to ℓm, and a = Sx3 contains the Nℓ complex spherical harmonic
coefficients of x3.

The noise n is assumed to be a centered real-valued Gaussian random field (but non-necessarily stationary),
with covariance matrix Σ. From all these constraints, the resulting inverse problem is:

minimize
f∈RNp

+ , w∈RNw , a∈D
γ||a||1 + β||w||1 s.t. ||y − (Bf +MWw + Sa)||2,Σ < ϵ , (2)

where ||x||22,Σ = xTΣ−1x denotes the square of the ℓ2 norm weighted by Σ−1. The reconstructed point
source-free map ỹ can be obtained by ỹ = y −Bf .

The problem described in Equation 2 is a convex problem, and is related to a constrained morphological
component analysis (MCA) [7] or a basis pursuit denoising problem with a deconvolution step. We chose the
constrained form of the inverse problem so as to have only a few hyperparameters to set: the noise level ϵ
which can be derived from noise statistics ; the trade-off between sparsity in wavelet and spherical harmonic
domains (γ = β in this work as in classical MCA).

Convex optimization with a constrained formulation as described by Equation 2, can be performed using
primal-dual approaches [?, e.g.]Chambolle2011,Becker11,Combettes12]. Our SParse Source Removal algorithm
(SPSR) was derived from [8]; such scheme was chosen because it only requires one application of the costly
spherical harmonic and wavelet transforms and one application of their adjoint per iteration and does not
require sub-iterations. The algorithm reads as follows:

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

159

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

Morphological Component Analysis with a Primal-Dual approach (SPSR)
1- Choose (a0, f0,w0, t0) ∈ CNl × RNp × RNw × RNe , and ā0 = a0, f̄0 = f0, w̄0 = w0. Set the parameters

γ = β and τ, σ s.t. τσ <
1

3
(||S||2 = ||MW||2 = ||B||2 = 1).

2- Iterate (n ≥ 0): 

rd
n = tn + σΣ−1/2(Bf̄n + Sān +MWw̄n − y)

tn+1 =


0 if ||rdn||2 ≤ σϵ

(1− ϵσ

||rd||2
)rd otherwise

an+1 = ST τγ

(
PD(a

n − τS†Σ−1/2†tn+1)
)

fn+1 = PRNp
+

(
fn − τB†Σ−1/2†tn+1

)
wn+1 = ST τβ(w

n −W†MΣ−1/2†tn+1)
f̄n+1 = 2fn+1 − fn, ān+1 = 2an+1 − an, w̄n+1 = 2wn+1 −wn

(3)

where PRNp
+

is the projection onto the positive orthant and PD is the projection onto D the set of considered

band-limited signals; ST τβ is the standard soft-thresholding operator applied component-wise:

[ST τβx]i = xi

[
1− τβ

|xi|

]
+

, (4)

where |xi| is the complex modulus of xi for complex vectors. From [8], ((fn,an,wn), tn) converges to a saddle
point of the primal-dual problem with a restricted dual gap decreasing as O(1/n) (first order method). We
initialise the algorithm with null images, set τ = σ for the algorithm parameters and ϵ correspondsto the
95-th percentile of a χ2(Ne) distribution according to the whitened noise statistics. We evaluate our proposed
approach by comparing the flux estimates with SPSR to the low-order polynomial fitting approach [9, 1, 10].
Fluxes (enforced to be positive) were estimated in a 3.5σ region as previously recommended in [2] using a
Levenberg-Marquardt algorithm with local χ2 minimization (using the C++ library ALGLIB (www.alglib.
net)), with background modeled either as a baseline or a first order polynomial (respectively named FIT-C
and FIT-L in the following).

3 Results on WMAP simulations and real data

The Planck Sky Model (PSM) software [11] was employed to simulate WMAP-like data. For each of the five
WMAP channels, we simulated diffuse components (Gaussian CMB, generated from a 6-parameter Λ-CDM
model, synchrotron, free-free, thermal and spinning dust emissions), a compact component (mainly radiosources
and infrared sources) and noise modeled as a non-stationary Gaussian random field, with variance in each pixel
derived from the WMAP 9-year hit maps. The instruments were assumed to have a dirac bandpass and
Gaussian beams with full-width at half maximum reflecting the WMAP instrument. An example of a point-
source region in these full-sky simulations is shown in Figure 1. We also generated a catalog of point-sources by
applying a matched filter in spherical harmonics to each channel, considering second order statistics of CMB
and noise [9, 12]. A 5σ local threshold was applied in the filtered map for source detection, resulting in 689
(respectively 442, 415, 248, 172) sources for channel K (respectively Ka, Q, V and W). After merging, the final
multichannel catalog contained 724 sources.

These simulations were first employed to set the value of β, which has a strong influence on the convergence
speed of SPSR as illustrated in Figure 2: large values lead to spend many iterations to reach the required
residual level in the data fidelity constraint, and the sparsity penalty term is decreasing very slowly with
low values. We chose for SPSR the intermediate value β = 0.01M that gave in this test the best convergence
properties among the tested values. The convergence speed of the algorithm was also varying with the resolution
in the channels; we chose 13350 iterations of SPSR for channel K and 9750 iterations for all other channels, as
a compromise between processing time and level of convergence. We also ensured that the statistics measured
were marginally changing with respect to the relative difference in between methods when reaching this number
of iterations.
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Figure 1. Patch of the simulated sky centered on two detected point sources at the WMAP wavelengths.

Figure 2. Normalized ℓ2 norm of the residuals (left) and normalized ℓ1 norm of x2 and x3 for channel Ka
and various values for β. M is the maximal modulus of the input image in spherical harmonics.

We then assessed the relative performance of SPSR in flux recovery. The statistics obtained are presented
in Table 1 and illustrate that in terms of bias and MSE, for all flux bands, SPSR performs better than local
polynomial fitting, in particular for channels K, Ka and Q where diffuse component fluctuations are more
important than in the higher noise channels V and W. SPSR is also more robust than FIT-C or FIT-L to large
flux errors obtained in particular for large flux sources in the first channels.

Table 1. Estimates of flux for various flux bands (in mJy). The best results are displayed in bold.

The proposed approach was then applied to subtract point source emission from WMAP 9-year data with
symmetrized beams obtained as the average axisymetric beam provided for the differential assemblies at the
frequency considered. Figure 3 illustrates the most extreme difference in the approaches for channel Ka. The
positive ring around the fitted regions as well as a negative peak inside these regions seem to indicate that
FIT-C or FIT-L are here overfitting. The same phenomenon is not present for SPSR.

In conclusion, in a realistic PSM simulation SPSR outperformed FIT-C and FIT-L in terms of biases and
RMSE, in particular in the first channels. SPSR seems more robust to large flux errors as illustrated in both
simulation results and WMAP real data. We are currently working on improvements of SPSR, focused on the
choice of the value of β without simulations, and on the model for extended compact sources too simple for
these components to be adequately subtracted from the data.
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Figure 3. Patch with two fitted sources in WMAP 9-year data. From the left to the right: WMAP data,
FIT-C, FIT-L and SPSR.
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An ensemble variational filter for
sequential inverse problems
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Abstract: Given a model dynamical system, a model of any measuring instrument relating states to
measurements, and a prior assessment of uncertainty, the probability density of subsequent system states,
conditioned upon the history of the measurements, is of some practical interest. When measurements
are made at discrete times, it is known that the evolving probability density is a solution of the discrete
Bayesian filtering equations. This paper describes the difficulties in approximating the evolving probability
density using a Gaussian mixture (i.e. a sum of Gaussian densities). In general this leads to a sequence of
optimisation problems and high-dimensional integrals. Attention is given to the necessity of using a small
number of densities in the mixture, the requirement to maintain sparsity of any matrices and the need to
compute first and second derivatives of the misfit between predictions and measurements. Adjoint methods,
Taylor expansions, Gaussian random fields and Newton’s method can be combined to, possibly, provide a
solution.

Keywords: Filtering, inverse problem, ensemble, variational, Bayesian, data assimilation.

1 The sequential filtering problem

The forward model

Let tn = nτ be a sequence of times separated by a time step τ and consider a time-dependent system for
a K-dimensional state vector φn with components φn

k . In general the state vector consists of both time-
independent parameters and time-dependent variables. Assume that the dynamical system is defined by a
sequence of algebraic problems,

Gn
k (φ

n, φn+1) = 0 (1)

where the functions Gn are known in closed form (as is almost always the case). The functions Gn
k (φ

n, φn+1)
are usually functions of just a few components of the state vector, as the functions often arise from discretising
partial differential equations. The structure of the equations is such that the time-independent components,
the parameters, are necessarily constant through time.

Assume that the dynamical system implies the existence of a unique sequence of vector valued functions
Fn such that φn+1 = Fn(φn). Also assume that the functions Fn have a unique differentiable inverse F−n

such that φn = F−n(φn+1).
Further suppose that measurements are made on the dynamical system at discrete times also separated by

the constant interval, τ . Introduce a model of any measuring apparatus such that at each time-tn, the value
of the m-th of M measurements is given by,

snm = hm(φn) + σmξ
n
m

where the hm are known functions and the measurement noise ξnm is a random variable sampled independently
from the standard zero-mean, unit-variance normal density and σm is a known positive constant which is the
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variance of the noise in the m-th measurement at each time-tn. For later convenience in writing equations,
define the precisions, pm by pm = (σm)−2.

At each time-tn let sn be the set of all the measurements at time-tn and let Sn be the entire set of all the
measurements up to and including those made at time-tn. For definiteness we do not make measurements at
time-0.

Note that in the following superscripts such as n, refer to a time index, subscripts such as i, j, k, l, label
components of state vectors, the subscript r labels different state vectors as in an ensemble of state vectors,
and the subscript m labels different measurements.

The Bayesian filtering equations

Suppose that at time-tn the conditional probability density function (pdf), π(φn|Sn) is known. (For background
on Bayesian statistics and the notion of conditional probability density see, for example [5]. References [1] and
[2] discuss relevant background with regard to filtering.) It follows from the definition of conditional probability,
the dynamical equations and the measurement model that

π(φn+1, φn, sn+1|Sn) = π(sn+1|φn+1) π(φn+1|φn) π(φn|Sn). (2)

Thus,

π(φn+1, φn, sn+1|Sn) = z exp[−
M∑

m=1

pm
2

(hm(φn+1)− sn+1
m )2] δ(φn+1 − Fn(φn)) π(φn|Sn) (3)

where z is a generic normalisation constant and the statistical convention, of using the symbol π for each
pdf such that different pdfs are indicated by their different arguments, is followed. Equation (3) follows from
equation (2) since (i) the measurements are normally distributed around hm(φn+1) and (ii) the new state
φn+1 is known exactly given the previous state φn. An equation for π(φn+1, sn+1|Sn) can now be derived by
integrating over the state vector φn. Using the standard transformation of variables theorem in a multivariate
integral and the properties of the δ-function, it follows that

π(φn+1, sn+1|Sn) = z exp[−
M∑

m=1

pk
2
(hm(φn+1)− sn+1

m )2] |An(φn+1)| π(F−n(φn+1)|Sn) (4)

where |A| denotes the determinant of a matrix A and the Jacobian matrix An is given by

An
i,j(φ

n+1) =
∂F−n

i (φn+1)

∂φn+1
j

. (5)

Finally the function π(φn+1|Sn+1) is obtained by an application of Bayes’ theorem. In other words, substitute
the numerical values of the measurements into the function π(φn+1, sn+1|Sn) which is then proportional to
π(φn+1|Sn+1).

The problem of sequential Bayesian filtering is to build convergent approximations to the sequence of
functions π(φn|Sn). One might refer to this process as ‘solving’ the sequential filtering equations (4). This is
the topic of the next section.

2 Numerical Scheme

Gaussian mixture approximation for the density functions

To find an approximate solution of the Bayesian filtering equations, the first step is to approximate the pdf by
a weighted sum of R multivariate Gaussian densities. Each density has an associated mean φn

r , which will be
called a ‘centre’ and also a symmetric precision matrix Ln

r which is the inverse of a conventional covariance
matrix. Thus the aim of the method is to construct a sequence of Gaussian mixture approximations [1]

π(φn|Sn) =
R∑

r=1

anr z
n
r exp[−1

2

K∑
i,j=1

(φn
i − φn

r,i)L
n
r,i,j(φ

n
i − φn

r,j)] (6)
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where the anr are positive weights that sum to unity and the znr are normalisation factors so that each component
of the Gaussian mixture has a unit integral with respect to the state vector φn.

To initialise the Gaussian mixture at t = 0 requires a pdf that summarises the initial information. For
definiteness let us consider the case where the initial pdf is a multivariate Gaussian density

π(φ0) = z exp[−1

2

K∑
i,j=1

(φ0
i − φ0

i )L
0
i,j(φ

0
j − φ0

j )] (7)

for an initial mean state φ0 and precision matrix L0. In applications where the state vector dimension is large
it is necessary to specify a sparse precision matrix. One way to obtain a sparse matrix is to use a precision
matrix obtained by discretising a differential operator [3]. Then by sampling the Gaussian density (7) one
constructs an ensemble of R states φ0

r for the centres and one sets L0
r = w(R)L0 as the precision matrices

where w(R) is an increasing function of R. In this way the mixture is able to approximate, as accurately as
one wishes, a wide range of multivariate density functions. For some relevant discussion of the theory behind
choosing the function w(R) see reference [6]. Note that as R increases, each component of the mixture tends
to a δ-function.

Maintaining a Gaussian mixture at all times

On substitution of equation (6) into the filtering equations (4) one finds in general that the left hand side is no
longer a sum of Gaussian densities. The next step therefore, is to seek quadratic approximations to the ‘misfit
functions’, Jn

r (φ
n+1) defined for n ≥ 0 by

Jn
r (φ

n+1) = − ln |An(φn+1)|+
M∑

m=1

pm
2

(hm(φn+1)− sn+1
m )2 +

1

2

K∑
i,j=1

(F−n
i (φn+1)− φn

r,i)L
n
r,i,j(F

−n
j (φn+1)− φn

r,j). (8)

These quadratic approximations will be constructed by solving optimisation problems for the new centres
which will be local minima of the misfit functions. Then we expand the misfit functions in Taylor series up
to second order about the minima. In general, however, explicit computation of the Hessian matrices is not
feasible. To avoid computing Hessians directly, an indirect method involving further heuristic approximations
is required, as is now described.

Computing the action of the precision matrices

Equation (8) requires a definition of each precision matrix Ln
r or at least a prescription of its action on a given

vector. At time n = 0 set L0
r = w(R)L0 as stated earlier. For later times, n > 0, we suggest introducing an

auxiliary misfit function,

J
n−1

r (φn) = − ln |An−1(φn)|+
M∑

m=1

pm
2

(hm(φn)− snm)2 +

1

2

K∑
k,l=1

(F
−(n−1)
k (φn)− φn−1

r,k )L
n−1

k,l (F
−(n−1)
l (φn)− φn−1

r,l ) (9)

where the matrix L
n−1

is defined by L
n−1

i,j = w(R)L0
i,j + αn−1

i δi,j and where αn−1
i is the reciprocal of the

diagonal term of the ensemble covariance matrix. That is let φn−1 =
∑R

r=1 a
n−1
r φn−1

r and then 1
αn−1

i

=∑R
r=1 a

n−1
r (φn−1

r,i − φn−1
i )2.

Then define the precision matrices in equation (8) using the expression

Ln
r,i,j =

∂2J
n−1

r (φn)

∂φn
i ∂φ

n
j

∣∣∣∣∣
φn

r

. (10)

Content from this work may be used under the terms of the Creative Commons Attribution 3.0 licence. Any further distribution of this work
must maintain attribution to the author(s) and the title of the work, book title and publisher. Published under licence by IOP Publishing Ltd.

166

https://creativecommons.org/licenses/by/3.0/


Inverse Problems – from Theory to Applications (IPTA2014)

In some cases equation (10) can be evaluated in closed form but in general an adjoint method will be needed
to compute the action of Ln

r on any given vector. Note that the preceding definitions maintain sparse approx-
imations when the initial precision matrix and the Jacobians of the dynamical system are sparse.

Computing the new centres

To find the new centres one needs to solve the optimisation problems

φn+1
r = arg min

φn+1
Jn
r (φ

n+1). (11)

Suppose that the optimisation problems (11), which in many applications approximate variational problems,
are solved using, for example, a modified Newton method or similar method that only requires the values of the

gradient of the misfit function at particular values of the state vector. Thus the gradient
∂Jn

r (φn+1)

∂φn+1
i

, evaluated

at various values of the argument φn+1, is needed. This is composed of three parts. First we need to compute
the gradient of the determinant. By differentiation of the discrete equations (1) and taking determinants, we
find that the logarithm of the determinant of the Jacobian is a difference of the logarithms of the determinants
of two matrices that can be evaluated in closed form (by virtue of the sparsity of the equations). The two
logarithms of the determinants will require an approximation, such as using the sum of the logarithms of the
diagonal components. Secondly we need the gradient of the measurement misfit. In most cases this can be
evaluated by differentiation of the known sparse functions hk. The third term requires the product of the
Jacobian matrix of the inverse forward function with vectors which can be calculated. This product can be
computed by first solving the forward model equation (1) for φn given φn+1 and then using differentiation
with respect to φn+1. Then using an adjoint matrix method one can compute the required products in a time
and memory efficient manner. We note that in evaluating the third term the forward model is actually solved
backwards in time, and the adjoint step (when needed) is the inverse of the usual adjoint method.

Later on, as an example, it is shown that in a large class of special cases, these calculations can be simplified
so that adjoints are not required. Note that recent developments in software greatly assist in implementing
methods that use adjoints [4]. However, further work is required on approximating the logarithms of the various
determinants.

Computing new weights and normalisation factors

It follows from the quadratic approximation that the weight associated with each centre changes according to
the equation

ǎn+1
r = anr exp[−Jn

r (φ
n+1
r )]

znr
zn+1
r

.

To avoid problems with rounding and other numerical error in evaluating exponentials with large negative
arguments, particularly during the early stages of data assimilation, following [7] the modified update

an+1
r =

ϵ

R
+ (1− ϵ

R
)

ϵ0 + ǎn+1
r

Rϵ0 +
∑R

r=1 ǎ
n+1
r

.

is suggested where ϵ is a small positive constant and ϵ0 is a very small positive constant. As R increases the
effect of this modified update for the weights is reduced, but it prevents problems when the ensemble is small.

Regarding the normalisation coefficients, znr , a convenient heuristic is to assume that their values are all
the same, and do not change in time. Better approximations for the normalisation factors znr might be possible
and this is a topic for future work.

3 An outline example

As an example, but one of considerable generality, consider a dynamical system defined by a system of ordinary
differential equations that, when discretised using an implicit Euler method, has the discrete dynamics

φn+1
i = φn

i + τfni (φ
n+1)
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where the fni are components at time tn+1 of the vector field for the dynamical system. With this form of
discrete dynamics, the inverse map may be constructed directly by noticing that

F−n
i (φn+1) = φn+1

i − τfni (φ
n+1).

From this result one finds that for many dynamical systems the Jacobian of the inverse map, equation (5) can
be found by exact differentiation and is generally a sparse matrix. This greatly simplifies the implementation
of the method in this particular case. Indeed one can see, for example in the special case that the measurement
model is hk(φ

n+1) = φn+1
k , that the updated precision matrices have the explicit formulae

Ln+1
r,i,j = −[

∂2

∂φn+1
i ∂φn+1

j

K∑
k=1

ln(1 +
∂fnk
∂φn+1

k

)] + piδi,j +
K∑

k,l=1

(δi,k − τ
∂fnk
∂φn+1

i

)Ln
r,k,l(δj,l − τ

∂fnl
∂φn+1

j

)

which follows from equation (9) and where (i) a diagonal approximation for the determinant has been used
and (ii) a Gauss-Newton approximation has been made in neglecting second derivatives of fn and (iii) the
precisions, pi are zero for state components that are not measured.

4 Concluding remarks

In lieu of a detailed description of numerical experiments let us conclude by remarking that (i) matrix inversions
are not required by the ensemble variational filter, as only the actions of the precision matrices are needed
and (ii) by maintaining sparsity, the method scales with increasing dimension of the dynamical system. Our
numerical experiments indicate, even in systems with chaotic behaviour, that useful probabilistic estimates of
parameter values can be obtained.

Clearly much further work is needed to evaluate the performance of this variant of ensemble method.
However, the presence of the increasing function w(R) in the initial Gaussian mixture, and the consistent
method for computing the ensemble weights makes it (i) plausible that the ensemble variational filter converges
in the limit of increasing ensemble size while (ii) the optimisation steps make the method practical even with
a small ensemble.
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